
Vertical Asymptote: 

Horizontal Asymptote:

𝑥ଶ,
𝑥ଶ

𝑥
⎯⎯⎯

𝑦 =
𝑥 − 3

(𝑥 − 3)(𝑥 + 2)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯=

1

𝑥 + 2
⎯⎯⎯⎯⎯

𝑥 − 3 = 0
        𝑥 = 3 ቆ3,

1

5
⎯⎯ቇ𝑦 =

1

(3) + 2
⎯⎯⎯⎯⎯⎯⎯=

1

5
⎯⎯

Holes: Factor the top, Factor the bottom. If a factor cancels, there is a hole when the factor equals zero.

Range Restrictions: 𝑦 ≠ 𝐻𝐴 𝑜𝑟 𝐻𝑜𝑙𝑒𝑠

Slant Asymptote:

𝑦 =
1

𝑥 + 1
⎯⎯⎯⎯⎯ 𝑆𝑒𝑡 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝑧𝑒𝑟𝑜 𝑎𝑛𝑑 𝑠𝑜𝑙𝑣𝑒.

Domain Restriction: 𝑥 ≠ 𝑉𝐴 𝑜𝑟 𝐻𝑜𝑙𝑒𝑠𝑉𝐴: 𝑥 = −1

𝑥 + 1 = 0
        𝑥 = −1

𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 = 0

𝐷𝑜 𝑆𝑦𝑛𝑡ℎ𝑒𝑡𝑖𝑐 𝑜𝑟 𝐿𝑜𝑛𝑔 𝐷𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑎𝑛𝑑 𝑖𝑓 𝑡ℎ𝑒 𝑄𝑢𝑜𝑡𝑖𝑒𝑛𝑡, 𝑡ℎ𝑒 𝐴𝑛𝑠𝑤𝑒𝑟, 𝑖𝑠 𝑎 𝑙𝑖𝑛𝑒𝑎𝑟
𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 tℎ𝑎𝑡 𝑖𝑠 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑙𝑎𝑛𝑡 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒. (𝐶𝑎𝑠𝑒 #1)

𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑠: 𝑆𝑒𝑡 𝑦 = 0 𝑎𝑛𝑑 𝑆𝑜𝑙𝑣𝑒

𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑒𝑠: 𝑆𝑒𝑡 𝑥 = 0 𝑎𝑛𝑑 𝑆𝑜𝑙𝑣𝑒

𝑰𝒏𝒕𝒆𝒓𝒄𝒆𝒑𝒕𝒔

𝑦 =
𝑎

𝑥 − ℎ
⎯⎯⎯⎯⎯+ 𝑘

       𝒙       𝑦

    −∞ ?

      ∞       ?

𝑥 ≠ 3

Domain Restriction:

x y

-2    −1

-1 und

0       1

VA

Close to asymptote
Through point/s
Close to asymptote

𝐻𝑜𝑙𝑒:

1

𝑥
⎯⎯,

1

𝑥ଶ
⎯⎯⎯ 

1

𝑥
⎯⎯+ 𝑐,

1

𝑥ଶ
⎯⎯⎯+ 𝑐

3𝑥ଶ

2𝑥ଶ
⎯⎯⎯

3𝑥ଶ

2𝑥ଶ
⎯⎯⎯ + 𝑐

𝐻𝐴:    𝑦 = 0

𝐻𝐴:    𝑦 = 𝑐

𝐻𝐴:    𝑦 =
3

2
⎯⎯

𝐻𝐴:    𝑦 =
3

2
⎯⎯+ 𝑐

𝐻𝐴:    𝑛𝑜𝑛𝑒

𝐶𝑎𝑠𝑒 1: 𝐶𝑎𝑠𝑒 2: 𝐶𝑎𝑠𝑒 3:

(𝑥, 0)

(0, 𝑦)

𝐺𝑟𝑎𝑝ℎ: 𝐻𝑜𝑙𝑒𝑠, 𝑉𝐴, 𝐻𝐴, 𝑇𝑂𝑉, 𝑥 − 𝑖𝑛𝑡, 𝑦 − 𝑖𝑛𝑡, 𝑆𝐴

2

𝑥 − 1
⎯⎯⎯⎯⎯+ 3

2

𝑥 − 1
⎯⎯⎯⎯⎯+ 3

2

𝑥 − 1
⎯⎯⎯⎯⎯+ 3 ×

𝑥 − 1

𝑥 − 1
⎯⎯⎯⎯⎯

2

𝑥 − 1
⎯⎯⎯⎯⎯+

3𝑥 − 3

𝑥 − 1
⎯⎯⎯⎯⎯⎯

3𝑥 − 1

𝑥 − 1
⎯⎯⎯⎯⎯⎯

3𝑥 − 1
3𝑥 − 3

𝑥 − 1

3

2

+1     3  − 1

 +3

3       2

3   𝑅: 2

3𝑥 − 1

3 +
2

𝑥 − 1
⎯⎯⎯⎯⎯

2

𝑥 − 1
⎯⎯⎯⎯⎯+ 3 =

3𝑥 − 1

𝑥 − 1
⎯⎯⎯⎯⎯⎯𝑥 − 1 = 0

        𝑥 = +1

𝑦 =
𝑎(𝐻𝐴)(𝑥 − 𝑖𝑛𝑡)(ℎ𝑜𝑙𝑒𝑠)

(𝐻𝐴)(𝑉𝐴ᇱ𝑠)(ℎ𝑜𝑙𝑒𝑠)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

Point on Both sides of VA
     (And between VA's)

𝑦 =
𝑎

𝑉𝐴
⎯⎯⎯+ 𝐻𝐴

𝑅: 𝑦 ≠ ℎ𝑜𝑙𝑒
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𝑦 =
1

𝑥ଶ + 1
⎯⎯⎯⎯⎯⎯

𝑦 =
1

𝑥ଶ
⎯⎯⎯𝑦 =

1

𝑥
⎯⎯
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𝑦 =
1

𝑥
⎯⎯

𝐻𝐴:   𝑦 = 0

𝑉𝐴:   𝑥 = 0

𝑦 =
𝑎

𝑥 − ℎ
⎯⎯⎯⎯⎯+ 𝑘

             𝑥            𝑦

         −5
−

1

5
⎯⎯= −0.2

         −1           −1

−
1

10
⎯⎯⎯= −0.1

         −10

           0          𝑢𝑛𝑑

     
1

10
⎯⎯⎯= 0.1

           10

             1            1

            5
           

1

5
⎯⎯

𝑦 =
1

𝑥
⎯⎯

𝑦 =
1

ቀ−
1

10⎯⎯⎯ቁ
⎯⎯⎯⎯⎯⎯

𝑦 = 1(−
10

1
⎯⎯⎯)

𝑦 = −10

VA: Set Denominator = 0 𝑎𝑛𝑑 𝑠𝑜𝑙𝑣𝑒

𝑥 = 0

𝐻𝐴:    𝑦 = 𝑘

(1,1)

(−1, −1)

𝑥 − 𝑖𝑛𝑡: 𝑦 − 𝑖𝑛𝑡:
𝑦 =

1

𝑥
⎯⎯

𝑦 =
1

0
⎯⎯

𝑦 ≠

𝑦 =
1

𝑥
⎯⎯

0 =
1

𝑥
⎯⎯

0 ≠ 1

𝑦 =
1

𝑥 − 1
⎯⎯⎯⎯⎯

𝐻𝐴:    𝑦 = 0

𝑉𝐴:   𝑥 = 1

𝑉𝐴:

𝑥 − 1 = 0

        𝑥 = 1

𝐻𝑇 = +1

𝑥 𝑦

0 −1

1 𝑢𝑛𝑑

2 1

𝑥 − 𝑖𝑛𝑡: 𝑦 − 𝑖𝑛𝑡:

                    𝑦 =
1

𝑥 − 1
⎯⎯⎯⎯⎯

                    0 =
1

𝑥 − 1
⎯⎯⎯⎯⎯

(𝑥 − 1) × 0 =
1

𝑥 − 1
⎯⎯⎯⎯⎯× (𝑥 − 1)

                   
                    0 ≠ 1

𝑦 =
1

𝑥 − 1
⎯⎯⎯⎯⎯

𝑦 =
1

0 − 1
⎯⎯⎯⎯⎯

𝑦 = −1

(0, −1)

(2,1)

Careful!

𝐷𝑜𝑚𝑎𝑖𝑛: 𝑥 ≠ 0

𝐷𝑜𝑚𝑎𝑖𝑛: 𝑥 ≠ 1

(0, −1)

𝑥 → ∞,    𝑦 → 0ା

𝑥 → −∞, 𝑦 → 0ି

𝑥 → 1ା,    𝑦 → ∞
𝑥 → 1ି,    𝑦 → −∞

End Behavior

Behavior near Asymptote

As x gets close to …

𝑅𝑎𝑛𝑔𝑒

𝑦 ≠ 0
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𝑦 =
𝑎𝑥௠

𝑏𝑥௡
⎯⎯⎯⎯

𝑚 > 𝑛       𝐻𝐴:    𝑛𝑜𝑛𝑒
𝑚 < 𝑛       𝐻𝐴:  𝑦 = 0      𝑜𝑟      𝐻𝐴:  𝑦 = 𝑐

𝑚 = 𝑛       𝐻𝐴:  𝑦 =
𝑎

𝑏
⎯⎯      𝑜𝑟     𝐻𝐴:  𝑦 =

𝑎

𝑏
⎯⎯+ 𝑐

𝑦 =
𝑥ଵ

𝑥ଶ
⎯⎯⎯ 𝑦 =

𝑥ଵ

𝑥ଶ
⎯⎯⎯+ 1

Case 1:

Case 2:

Case 3:

If the exponent of 𝑥 is higher 
on the top than the bottom

If the exponent of 𝑥 is higher on the bottom If case 2 is shifted up or down =  𝑐

If the exponent of 𝑥 is the same on the top as the bottom

𝐻𝐴:  𝑦 =  𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠

If case 3 is shifted up or down = 𝑐

𝐻𝐴:  𝑦 =  𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 +  𝑐

𝑦 =
4𝑥ଶ

1𝑥ଶ + 2
⎯⎯⎯⎯⎯⎯⎯ 𝑦 =

4𝑥ଶ

1𝑥ଶ + 1
⎯⎯⎯⎯⎯⎯⎯+ 1

𝐻𝐴:     𝑛𝑜𝑛𝑒𝑦 =
𝑥ଷ

𝑥ଵ
⎯⎯⎯

𝐻𝐴:  𝑦 =
4

1
⎯⎯

𝐻𝐴:  𝑦 =
4

1
⎯⎯+ 1 = 5

𝐻𝐴:  𝑦 = 0 𝐻𝐴:  𝑦 = 𝑐

𝑥ଵ

𝑥ଶ
⎯⎯⎯+ 1 =

1𝑥ଵ + 1𝑥ଶ

1𝑥ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯

4𝑥ଶ

1𝑥ଶ + 1
⎯⎯⎯⎯⎯⎯⎯+ 1 =

5𝑥ଶ + 1

1𝑥ଶ + 1
⎯⎯⎯⎯⎯⎯⎯

𝐿𝐶𝐷

𝐿𝐶𝐷

𝑦 = 1

C12 - 9.1 - Horizontal Asymptotes Cases Notes
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𝑦 =
1

𝑥
⎯⎯

𝐻𝐴:   𝑦 = 0

𝑉𝐴:   𝑥 = 0

(1,1)

(−1, −1)

𝑥 𝑦

−1 −1

0 𝑢𝑛𝑑

1 1

𝑉𝐴:    𝑥 = 0

𝐻𝐴:    𝑦 = 1

𝑦 =
1

𝑥
⎯⎯+ 1

1

𝑥
⎯⎯+ 1

1

𝑥
⎯⎯+ 1 ×

𝑥

𝑥
⎯⎯

1

𝑥
⎯⎯+

𝑥

𝑥
⎯⎯

𝑥 + 1

𝑥
⎯⎯⎯⎯⎯

LCD

𝑦 =
𝑥 + 1

𝑥
⎯⎯⎯⎯⎯

𝑥 + 1
𝑥

𝑥

1

remainder

1

𝑥 + 1

𝑥
⎯⎯⎯⎯⎯= 1 +

1

𝑥
⎯⎯

(1,2)

𝑃(𝑥)

𝑥 − 𝑎
⎯⎯⎯⎯⎯= 𝑄(𝑥) +

𝑅

𝑥 − 𝑎
⎯⎯⎯⎯⎯

𝑉𝑇 =  +1

𝑥 − 𝑖𝑛𝑡:
𝑦 − 𝑖𝑛𝑡:

     𝑦 =
1

𝑥
⎯⎯+ 1

     0 =
1

𝑥
⎯⎯+ 1

  −1 =
1

𝑥
⎯⎯

−1𝑥 = 1
      𝑥 = −1

𝑦 =
1

𝑥
⎯⎯+ 1

𝑦 =
1

0
⎯⎯+ 1

𝑦 ≠

        𝑦 =
𝑥 + 1

𝑥
⎯⎯⎯⎯⎯

        0 =
𝑥 + 1

𝑥
⎯⎯⎯⎯⎯

𝑥 × 0 =
𝑥 + 1

𝑥
⎯⎯⎯⎯⎯× 𝑥

       0 = 𝑥 + 1
       𝑥 = −1

𝑦 =
𝑥 + 1

𝑥
⎯⎯⎯⎯⎯

𝑦 =
0 + 1

0
⎯⎯⎯⎯⎯

𝑦 ≠

𝑥 𝑦

−1 0

0 𝑢𝑛𝑑

1 2

(−1,0)

(−1,0)

Add Fractions Long Division

𝑦 =
𝑎

𝑉𝐴
⎯⎯⎯+ 𝐻𝐴

𝑥 + 1

𝑥
⎯⎯⎯⎯⎯=

𝑥

𝑥
⎯⎯+

1

𝑥
⎯⎯= 1 +

1

𝑥
⎯⎯

Separate Fractions
𝑎 + 𝑏

𝑐
⎯⎯⎯⎯⎯=

𝑎

𝑐
⎯⎯+

𝑏

𝑐
⎯⎯

C12 - 9.2 - Graph VT Add Fractions Long Division Notes
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𝑦 =
1

𝑥 − 1
⎯⎯⎯⎯⎯+ 1

𝐻𝐴:   𝑦 = 1

𝑉𝐴:   𝑥 = 1

1

𝑥 − 1
⎯⎯⎯⎯⎯+ 1

1

𝑥 − 1
⎯⎯⎯⎯⎯+ 1 ×

𝑥 − 1

𝑥 − 1
⎯⎯⎯⎯⎯

1

𝑥 − 1
⎯⎯⎯⎯⎯+

𝑥 − 1

𝑥 − 1
⎯⎯⎯⎯⎯

1 + 𝑥 − 1

(𝑥 − 1)(𝑥 − 1)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑥

𝑥 − 1
⎯⎯⎯⎯⎯

𝑥 + 0
𝑥 − 1

𝑥 − 1

1

1

𝑦 =
𝑥

𝑥 − 1
⎯⎯⎯⎯⎯ 𝑥

𝑥 − 1
⎯⎯⎯⎯⎯=

1

𝑥 − 1
⎯⎯⎯⎯⎯+ 1

𝑥 − 𝑖𝑛𝑡:
𝑦 − 𝑖𝑛𝑡:

                   𝑦 =
𝑥

𝑥 − 1
⎯⎯⎯⎯⎯

                   0 =
𝑥

𝑥 − 1
⎯⎯⎯⎯⎯

(𝑥 − 1) × 0 =
𝑥

𝑥 − 1
⎯⎯⎯⎯⎯× (𝑥 − 1)

                   0 = 𝑥
                   𝑥 = 0

𝑦 =
𝑥

𝑥 − 1
⎯⎯⎯⎯⎯

𝑦 =
0

0 − 1
⎯⎯⎯⎯⎯

𝑦 = 0

                      𝑦 =
1

𝑥 − 1
⎯⎯⎯⎯⎯+ 1

                      0 =
1

𝑥 − 1
⎯⎯⎯⎯⎯+ 1

                   −1 =
1

𝑥 − 1
⎯⎯⎯⎯⎯

(𝑥 − 1) × −1 =
1

𝑥 − 1
⎯⎯⎯⎯⎯× (𝑥 − 1)

           −𝑥 + 1 = 1
                      𝑥 = 0

𝑦 =
1

𝑥 − 1
⎯⎯⎯⎯⎯+ 1

𝑦 =
1

0 − 1
⎯⎯⎯⎯⎯+ 1

𝑦 = −1 + 1
𝑦 = 0

(0,0)

(0,0)

(2,2)

(0,0)

𝑥 𝑦

0 0

1 𝑢𝑛𝑑

2 2

Careful!
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(1,2)

𝑉𝐴:   𝑥 = 0

𝐻𝐴:   𝑦 = 0

𝑉𝐸 = 2

𝑦 =
1

𝑥
⎯⎯

𝑦 = −
1

𝑥
⎯⎯

𝑉𝐴:   𝑥 = 0

𝐻𝐴:   𝑦 = 0

𝑉𝐴:   𝑥 = 0

𝐻𝐴:   𝑦 = 0

𝑉𝑅

𝑦 =
2

𝑥
⎯⎯ 𝑥 𝑦

−1 −2

0 𝑢𝑛𝑑

1 2

𝑥 𝑦

−1 1

0 𝑢𝑛𝑑

1 −1

𝑥 𝑦

−1 1

0 𝑢𝑛𝑑

1 1
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𝑦 =
𝑥

𝑥ଶ − 2𝑥 − 3
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
1

𝑥ଶ − 1
⎯⎯⎯⎯⎯⎯

                  𝑥ଶ−1 = 0
(𝑥 + 1)(𝑥 − 1) = 0

𝑥 + 1 = 0
        𝑥 = −1

𝑥 − 1 = 0
        𝑥 = 1

𝐻𝐴:   𝑦 = 0

𝑉𝐴:   𝑥 = 1𝑉𝐴:   𝑥 = −1

𝑉𝐴:

𝑥 𝑦

−2 1

3
⎯⎯

−1 𝑢𝑛𝑑

0 −1

1 𝑢𝑛𝑑

2 1

3
⎯⎯

𝑥 𝑦

-2
−

2

5
⎯⎯

-1 𝑢𝑛𝑑

0 0

2
−

2

3
⎯⎯

3 und

4 4

5
⎯⎯

𝐻𝐴:   𝑦 = 0

𝑉𝐴:   𝑥 = −1 𝑉𝐴:   𝑥 = 3

𝑉𝐴:      𝑥ଶ − 2𝑥 − 3 = 0
(𝑥 + 1)(𝑥 − 3) = 0

𝑥 + 1 = 0
        𝑥 = −1

𝑥 − 3 = 0
        𝑥 = 3

𝑥 − 𝑖𝑛𝑡:

0 =
𝑥

𝑥ଶ − 2𝑥 − 3
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

0 = 𝑥
𝑥 = 0

𝑦 =
0

0ଶ − 2(0) − 3
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 = 0

𝑦 − 𝑖𝑛𝑡:

(0,0)

𝑦 − 𝑖𝑛𝑡: 𝑦 =
1

𝑥ଶ − 1
⎯⎯⎯⎯⎯⎯

𝑦 =
1

0ଶ − 1
⎯⎯⎯⎯⎯⎯

𝑦 = −1

𝑥 − 𝑖𝑛𝑡: 𝑦 =
1

𝑥ଶ − 1
⎯⎯⎯⎯⎯⎯

0 =
1

𝑥ଶ − 1
⎯⎯⎯⎯⎯⎯

0 ≠ 1

(0, −1)

(0, −1)

(0,0)

(−2, −
2

5
⎯⎯) (2, −

2

3
⎯⎯)

൬4,
4

5
⎯⎯൰

(2,
1

3
⎯⎯)(−2,

1

3
⎯⎯)
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𝑦 =
(𝑥 − 1)(𝑥 + 2)

𝑥 + 2
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
(𝑥 − 1)(𝑥 + 2)

𝑥 + 2
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 = 𝑥 − 1

𝑥 + 2 = 0
        𝑥 = −2

Hole: 

   𝑦 = 𝑥 − 1
   𝑦 = −2 − 1
   𝑦 = −3

𝑥 ≠ −2

𝑥 𝑦

−2 −3
(−2, −3)

Set what you've 
crossed off 
equal to zero 
and solve.

(−2, −3)
𝑦 =

(𝑥 − 1)(𝑥 + 2)

𝑥 + 2
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑥 ≠ −2𝑦 = 𝑥 − 1

𝑦 =
𝑥 + 3

(𝑥 − 1)(𝑥 + 3)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
𝑥 + 3

(𝑥 − 1)(𝑥 + 3)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
1

𝑥 − 1
⎯⎯⎯⎯⎯

Hole: 𝑥 + 3 = 0
        𝑥 = −3

𝑦 =
1

𝑥 − 1
⎯⎯⎯⎯⎯

𝑦 =
1

(−3) − 1
⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
1

−4
⎯⎯⎯

ቀ−3, −
ଵ

ସ
⎯ቁ

𝑥 𝑦

−3
−

1

4
⎯⎯ 𝑉𝐴:    𝑥 = 1

𝑉𝐴: 𝑥 − 1 = 0
        𝑥 = 1

𝐻𝐴:    𝑦 = 0

𝑦 =
𝑥 + 3

(𝑥 − 1)(𝑥 + 3)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
1

𝑥 − 1
⎯⎯⎯⎯⎯ 𝑥 ≠ −3
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𝑦 =
𝑥ଶ

𝑥 + 1
⎯⎯⎯⎯⎯

𝑉𝐴:    𝑥 = −1

𝑥 + 1 = 0
        𝑥 = −1

𝑆𝑙𝑎𝑛𝑡 𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒

𝑥 + 1

𝑥 − 1

−𝑥 + 0
−𝑥 − 1

−1     1      0        0

 −1  + 1

𝑥 − 1   𝑅: +1

1  − 1  + 1

𝑥ଶ

𝑥ଶ + 0 + 0
𝑥ଶ + 𝑥

+1

𝑥ଶ

𝑥 + 1
⎯⎯⎯⎯⎯= 𝑥 − 1 +

1

𝑥 + 1
⎯⎯⎯⎯⎯

𝑥 − 1 +
1

𝑥 + 1
⎯⎯⎯⎯⎯

𝑆𝑙𝑎𝑛𝑡 𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒

𝑦 = 𝑥 − 1

𝑉𝐴:

𝑥 + 1 = 0
        𝑥 = −1

𝑥 − 1 ×
𝑥 + 1

𝑥 + 1
⎯⎯⎯⎯⎯+

1

𝑥 + 1
⎯⎯⎯⎯⎯

              
𝑥ଶ − 1 + 1

𝑥 + 1
⎯⎯⎯⎯⎯⎯⎯⎯⎯

                   
𝑥ଶ

𝑥 + 1
⎯⎯⎯⎯⎯

𝑥 𝑦

−4 −1

−1 𝑢𝑛𝑑

0 0

(−4, −1)

(0,0)

𝑥ଶ

𝑥
⎯⎯⎯

𝐻𝐴: 𝑛𝑜𝑛𝑒

𝑆𝑙𝑎𝑛𝑡 𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒

𝑦 = 𝑥 − 1

𝑆𝑙𝑎𝑛𝑡 +
𝑅

𝐷𝑖𝑣𝑖𝑠𝑜𝑟
⎯⎯⎯⎯⎯⎯⎯

𝑥 − 1 +
1

𝑥 + 1
⎯⎯⎯⎯⎯

𝑃(𝑥)

𝑥 − 𝑎
⎯⎯⎯⎯⎯= 𝑄(𝑥) +

𝑅

𝑥 − 𝑎
⎯⎯⎯⎯⎯

𝑥ଶ

𝑥 + 1
⎯⎯⎯⎯⎯= 𝑥 − 1 +

1

𝑥 + 1
⎯⎯⎯⎯⎯

𝑦 =
𝑥ଶ

𝑥 + 1
⎯⎯⎯⎯⎯
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𝑦 =
𝑎

𝑥 − ℎ
⎯⎯⎯⎯⎯+ 𝑘

𝑦 =
𝑎

𝑥 − 2
⎯⎯⎯⎯⎯+ 𝑘

𝑦 =
𝑎

𝑥 − 2
⎯⎯⎯⎯⎯+ 0

𝑦 =
𝑎

𝑥 − 2
⎯⎯⎯⎯⎯

1 =
𝑎

3 − 2
⎯⎯⎯⎯⎯

𝑎 = 1

𝑦 =
1

𝑥 − 2
⎯⎯⎯⎯⎯

(3,1)

𝑉𝐴:    𝑥 = 2

𝑉𝐴:    𝑥 = 2
        𝑥 = 2
𝑥 − 2 = 0

𝐻𝐴:    𝑦 = 0

(3,1)

(𝑥, 𝑦)

𝑘 = 0

𝐻𝐴:    𝑦 = 𝑘

𝑦 =
𝑎

𝑥 − ℎ
⎯⎯⎯⎯⎯+ 𝑘

𝑦 =
𝑎

𝑥 − 0
⎯⎯⎯⎯⎯+ 𝑘

𝑦 =
𝑎

𝑥
⎯⎯+ 𝑘

𝑦 =
𝑎

𝑥
⎯⎯− 1

0 =
𝑎

1
⎯⎯− 1

𝑎 = 1

𝑦 =
1

𝑥
⎯⎯− 1𝑉𝐴:    𝑥 = 0

𝑉𝐴:    𝑥 = 0        𝑥 = 0

𝐻𝐴:    𝑦 − 1

(𝑥, 𝑦)

𝑘 = −1

𝐻𝐴:    𝑦 = 𝑘

𝐻𝐴:  

𝐻𝐴:  

(1,0)

         
1

𝑥
⎯⎯− 1

         
1

𝑥
⎯⎯− 1 ×

𝑥

𝑥
⎯⎯

         
1

𝑥
⎯⎯−

𝑥

𝑥
⎯⎯

         
1 − 𝑥

𝑥
⎯⎯⎯⎯⎯

𝑦 = −
𝑥 − 1

𝑥
⎯⎯⎯⎯⎯

Add Fractions: LCD

𝑦 =
𝑎(𝑥 − 𝑟)

𝑥 − ℎ
⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
𝑎(𝑥 − 𝑟)

𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
𝑎(𝑥 − 1)

𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
−(𝑥 − 1)

𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

𝑥: 𝑖𝑛𝑡: (1,0)        𝑥 = 1
𝑥 − 1 = 0

𝑉𝐴:    𝑥 = 0

𝐻𝐴:    𝑦 = −1 Case 3: −1𝑥

  1𝑥
⎯⎯⎯⎯

(1,0)

𝑦 =
𝐻𝐴(𝑥 − 𝑖𝑛𝑡)

𝑉𝐴ᇱ𝑠
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
𝑎

𝑉𝐴ᇱ𝑠
⎯⎯⎯⎯ + 𝐻𝐴

𝑦 = ____________

 𝑦 = 0

 𝑦 = −1
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𝑦 =
𝑎

𝑥 − ℎ
⎯⎯⎯⎯⎯+ 𝑘

𝑦 =
𝑎

𝑥
⎯⎯+ 𝑘

𝑦 =
𝑎

𝑥
⎯⎯+ 0

𝑦 =
𝑎

𝑥
⎯⎯

3 =
𝑎

1
⎯⎯

𝑎 = 3

𝑦 =
3

𝑥
⎯⎯

(1,3)

𝑉𝐴:    𝑥 = 0

𝑉𝐴:    𝑥 = 0        𝑥 = 0

𝐻𝐴:    𝑦 = 0

(1,3)

(𝑥, 𝑦)

𝑘 = 0

𝐻𝐴:    𝑦 = 𝑘

𝑦 =
𝑎

𝑥 − ℎ
⎯⎯⎯⎯⎯+ 𝑘

𝑦 =
𝑎

𝑥 − 0
⎯⎯⎯⎯⎯+ 𝑘

𝑦 =
𝑎

𝑥
⎯⎯+ 𝑘

𝑦 =
𝑎

𝑥
⎯⎯+ 0

−2 =
𝑎

1
⎯⎯

𝑎 = −2

𝑦 =
−2

𝑥
⎯⎯⎯

𝑉𝐴:    𝑥 = 0

𝑉𝐴:    𝑥 = 0        𝑥 = 0

𝐻𝐴:    𝑦 = 0

(𝑥, 𝑦)

𝑘 = 0

𝐻𝐴:    𝑦 = 𝑘

𝐻𝐴:   

𝐻𝐴:   

(1, −2) (1, −2)

𝑦 = 0

𝑦 = 0
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𝑦 =
𝑎

𝑥 − ℎ
⎯⎯⎯⎯⎯+ 𝑘

𝑦 =
𝑎

𝑥 + 2
⎯⎯⎯⎯⎯+ 𝑘

𝑦 =
𝑎

𝑥 + 2
⎯⎯⎯⎯⎯− 1

𝑦 =
𝑎

𝑥 + 2
⎯⎯⎯⎯⎯− 1

0 =
𝑎

−1 + 2
⎯⎯⎯⎯⎯⎯ − 1

𝑎 = 1

𝑦 =
1

𝑥 + 2
⎯⎯⎯⎯⎯− 1

(−1,0)

𝑉𝐴:    𝑥 = −2

𝑉𝐴:    𝑥 = −2

𝐻𝐴:    𝑦 = −1

(−1,0)

(𝑥, 𝑦)

𝑘 = −1

𝐻𝐴:    𝑦 = 𝑘

𝐻𝐴:   

        𝑥 = −2
𝑥 + 2 = 0

𝑦 =
𝑎(𝑥 − 𝑟)

𝑥 − ℎ
⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
𝑎(𝑥 − 𝑟)

𝑥 + 2
⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
𝑎(𝑥 + 1)

𝑥 + 2
⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
−(𝑥 + 1)

𝑥 + 2
⎯⎯⎯⎯⎯⎯⎯⎯

        
1

𝑥 + 2
⎯⎯⎯⎯⎯− 1

        
1

𝑥 + 2
⎯⎯⎯⎯⎯− 1 ×

𝑥 + 2

𝑥 + 2
⎯⎯⎯⎯⎯

        
1

𝑥 + 2
⎯⎯⎯⎯⎯−

𝑥 + 2

𝑥 + 2
⎯⎯⎯⎯⎯

        
−𝑥 − 1

𝑥 + 2
⎯⎯⎯⎯⎯⎯

𝑦 =
−(𝑥 + 1)

𝑥 + 2
⎯⎯⎯⎯⎯⎯⎯⎯

𝑥 − 𝑖𝑛𝑡: (−1,0)

𝐻𝐴: 𝑦 = −1 −1𝑥

    1𝑥
⎯⎯⎯⎯

𝐶𝑎𝑠𝑒 3:

𝑉𝐴: 𝑥 = −2

        𝑥 = −1
𝑥 + 1 = 0

𝑦 =
𝐻𝐴(𝑥 − 𝑖𝑛𝑡)

𝑉𝐴ᇱ𝑠
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 = −1
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𝑦 =
𝑎

𝑥 − ℎ
⎯⎯⎯⎯⎯+ 𝑘

𝑦 =
𝑎

(𝑥 + 2)(𝑥 − 2)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ + 𝑘

𝑦 =
𝑎

(𝑥 + 2)(𝑥 − 2)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ + 0

𝑦 =
𝑎

(𝑥 + 2)(𝑥 − 2)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

1

5
⎯⎯=

𝑎

(3 + 2)(3 − 2)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑎 = 1

𝑦 =
1

(𝑥 + 2)(𝑥 − 2)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
1

𝑥ଶ − 4
⎯⎯⎯⎯⎯⎯

𝑉𝐴:    𝑥 = −2 𝑉𝐴:    𝑥 = 2

𝐻𝐴:   

(3,
1

5
⎯⎯)

(3,
1

5
⎯⎯)

(𝑥, 𝑦)

𝐻𝐴:  

ቆ2,
3

5
⎯⎯ቇ

(0, −1)

𝑉𝐴:    𝑥 = −3 𝑉𝐴:    𝑥 = 1

𝑦 =
𝑎

𝑥 − ℎ
⎯⎯⎯⎯⎯+ 𝑘

𝑦 =
𝑎(𝑥 + 1)

(𝑥 + 3)(𝑥 − 1)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ + 𝑘

𝑦 =
𝑎(𝑥 + 1)

(𝑥 + 3)(𝑥 − 1)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ + 0

𝑦 =
𝑎(𝑥 + 1)

(𝑥 + 3)(𝑥 − 1)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

3

5
⎯⎯=

𝑎(2 + 1)

(2 + 3)(2 − 1)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

3

5
⎯⎯=

3𝑎

5
⎯⎯⎯

𝑎 = 1

𝑦 =
𝑥 + 1

(𝑥 + 3)(𝑥 − 1)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

(2,
3

5
⎯⎯)

(𝑥, 𝑦)

𝑦 =
𝑎(𝑥 − 𝑟)

𝑥 − ℎ
⎯⎯⎯⎯⎯⎯⎯

𝑦 =
(𝑥 + 1)

(𝑥 + 3)(𝑥 − 1)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
𝐻𝐴(𝑥 − 𝑖𝑛𝑡)

𝑉𝐴ᇱ𝑠
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
𝑎(𝑥 − 𝑖𝑛𝑡)

𝑉𝐴ᇱ𝑠
⎯⎯⎯⎯⎯⎯⎯⎯⎯+ 𝐻𝐴

𝐻𝐴:    𝑦 = 0 Case 2: 𝑥

𝑥ଶ
⎯⎯

𝑦 = 0

 𝑦 = 0
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𝑦 =
𝑎

𝑥 − ℎ
⎯⎯⎯⎯⎯

𝑦 =
𝑎(𝑥 + 2)

(𝑥 + 2)
⎯⎯⎯⎯⎯⎯⎯⎯+ 𝑘

𝑦 =
𝑎(𝑥 + 1)(𝑥 + 2)

(𝑥 + 2)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
𝑎(𝑥 + 1)(𝑥 + 2)

(𝑥 + 2)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 = 𝑎(𝑥 + 1)

1 = 𝑎(0 + 1)

𝑎 = 1

𝑦 =
(𝑥 + 2)(𝑥 + 1)

(𝑥 + 2)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ℎ𝑜𝑙𝑒:
(−2, −1)

        𝑥 = −2
𝑥 + 2 = 0

𝐻𝐴:   𝑛𝑜𝑛𝑒

(0,1)

𝑥 − 𝑖𝑛𝑡: (0, −1)
       𝑥 = −1
𝑥 + 1 = 0

(0,1)

(𝑥, 𝑦)

  𝑦 =
𝑎

𝑥 − ℎ
⎯⎯⎯⎯⎯

  𝑦 =
𝑎(𝑥 − 3)

(𝑥 − 3)
⎯⎯⎯⎯⎯⎯⎯⎯

  𝑦 =
𝑎(𝑥 − 3)

(𝑥 + 2)(𝑥 − 3)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

  𝑦 =
𝑎(𝑥 + 4)(𝑥 − 3)

(𝑥 + 2)(𝑥 − 3)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

  𝑦 =
𝑎(𝑥 + 4)(𝑥 − 3)

(𝑥 + 2)(𝑥 − 3)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

−2 =
𝑎(0 + 4)

(0 + 2)
⎯⎯⎯⎯⎯⎯⎯⎯

−2 =
4𝑎

2
⎯⎯⎯

   𝑎 = −1

𝑦 =
−1(𝑥 + 4)(𝑥 − 3)

(𝑥 + 2)(𝑥 − 3)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

(−4,0)

(0,4)

ℎ𝑜𝑙𝑒: (3, −1.4)        𝑥 = 3
𝑥 − 3 = 0

𝐻𝐴: 

𝑥 − 𝑖𝑛𝑡:
(0, −4)

       𝑥 = −4
𝑥 + 4 = 0

(0, −2)
(𝑥, 𝑦)

𝑦 =
𝑎(𝑥 − 𝑖𝑛𝑡)(ℎ𝑜𝑙𝑒𝑠)

(𝑉𝐴ᇱ𝑠)(ℎ𝑜𝑙𝑒𝑠)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 =
𝑎(𝑥 − 𝑖𝑛𝑡)(ℎ𝑜𝑙𝑒𝑠)

(𝑉𝐴ᇱ𝑠)(ℎ𝑜𝑙𝑒𝑠)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

(3, −1.4)

Case 3:
−1𝑥ଶ

1𝑥ଶ
⎯⎯⎯⎯⎯

𝑦 = −
1

1
⎯⎯

𝑉𝐴:    𝑥 = −2       𝑥 = −2
𝑥 + 2 = 0

C12 - 9.7 - Holes Graph -> Equation Notes 

   Rat Page 15    



1

𝑥 + 2
⎯⎯⎯⎯⎯+ 𝑥 + 1

1

𝑥 + 2
⎯⎯⎯⎯⎯+ 𝑥 + 1 ×

𝑥 + 2

𝑥 + 2
⎯⎯⎯⎯⎯

1

𝑥 + 2
⎯⎯⎯⎯⎯+ 𝑥 + 1 ×

𝑥 + 2

𝑥 + 2
⎯⎯⎯⎯⎯

1

𝑥 + 2
⎯⎯⎯⎯⎯+

𝑥ଶ + 3𝑥 + 2

𝑥 + 2
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑥ଶ + 3𝑥 + 3

𝑥 + 2
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 𝑦 =

𝑥ଶ + 3𝑥 + 3

𝑥 + 2
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑦 = 𝑆𝑙𝑎𝑛𝑡 +
𝑅

𝐷𝑖𝑣𝑖𝑠𝑜𝑟
⎯⎯⎯⎯⎯⎯⎯

𝑦 =
𝑎

𝑥 − ℎ
⎯⎯⎯⎯⎯+ 𝑆𝑙𝑎𝑛𝑡

𝑦 =
𝑎

𝑥 + 2
⎯⎯⎯⎯⎯+ 𝑥 + 1

1 =
𝑎

−1 + 2
⎯⎯⎯⎯⎯⎯ − 1 + 1

𝑎 = 𝑎

𝑦 =
1

𝑥 + 2
⎯⎯⎯⎯⎯+ 𝑥 + 1

𝑦 = 𝑥 + 1𝑆𝐴:

(−1,1)

(−1,1)

𝑆𝐴:     𝑦 = 𝑥 + 1

(𝑥, 𝑦)
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