
The difference between two numbers is 10. Their product is a minimum. 

Let 𝑎 = 1𝑠𝑡 #
Let 𝑏 = 2𝑛𝑑 #

𝑎 − 𝑏 = 10
    +𝑏          + 𝑏
         𝑎 = (10 + 𝑏)

𝑦 = 𝑎 × 𝑏
𝑦 = (10 + 𝑏) × 𝑏
𝑦 = 10𝑏 + 𝑏ଶ

𝑦 = 𝑏ଶ + 10𝑏

Equation #1
Isolate a variable

Equation #2
Substitute the 
isolated variable

𝑦 = 𝑏ଶ + 10𝑏
𝑦 = (𝑏ଶ + 10𝑏 + 25 − 25)
𝑦 = (𝑏ଶ + 10𝑏 + 25) − 25
𝑦 = (𝑏 + 5)ଶ − 25

Complete the square.

ቀ 
௕

ଶ
⎯ቁ

ଶ
=ቀ 

ଵ଴

ଶ
⎯⎯ቁ

ଶ
= (5)ଶ = 25

Vertex = (−5, −25) Minimum𝑏

𝑎 = 10 + 𝑏
𝑎 = 10 − 5
𝑎 = 5

𝑎 = 5
𝑏 = −5

The minimum product is −25.

𝑎 − 𝑏 = 10 𝑎 × 𝑏 = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚
𝑎 × 𝑏 = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚        𝑦
         𝑦 = 𝑎 × 𝑏

1 2 Equation 1, equation 2.
The minimum or maximum 
will be y.

Substitute b into the other 
equation.

List the two numbers and 
the minimum.

Let statements: get used to using 
variables other than x and y

(𝑏, 𝑚𝑖𝑛)

(𝑥, 𝑦)

(−5, −25)
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Two numbers differ by 10. The product of the larger number and twice the smaller number is a 
minimum. What are the numbers?

Let 𝑎 = 1𝑠𝑡 #
Let 𝑏 = 2𝑛𝑑 #

𝑎 − 𝑏 = 10

𝑦 = 𝑎 × 2𝑏
𝑦 = (10 + 𝑏) × 2𝑏
𝑦 = 20𝑏 + 2𝑏ଶ

𝑦 = 2𝑏ଶ + 20𝑏

𝑦 = 2𝑏ଶ + 20𝑏
𝑦 = 2(𝑏ଶ+10𝑏 + 25 − 25)
𝑦 = 2(𝑏ଶ+10𝑏 + 25) − 50
𝑦 = 2(𝑏 + 5)ଶ−50

Vertex = (-5, -50)

Minimum𝑏

𝑎 = 10 + 𝑏
𝑎 = 10 − 5
𝑎 = 5

𝑎 = 5
𝑏 = −5

The minimum product is −50.

Let statements:

Equation #1
Isolate a variable

Equation #2
Substitute the 
isolated variable

Complete the square.

ቀ 
௕

ଶ
⎯ቁ

ଶ
=ቀ 

ଵ଴

ଶ
⎯⎯ቁ

ଶ
= (5)ଶ = 25

Equation 1, equation 2.
The minimum or maximum will be y.

𝑎 × 2𝑏 = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚
𝑎 × 2𝑏 = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚
          𝑦 = 𝑎 × 2𝑏

𝑦
1 2

𝑎 − 𝑏 = 10
        𝑎 = 10 + 𝑏

List the two numbers and 
the minimum.

Substitute b into the other 
equation.
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Two numbers sum to 8. The sum of their squares is a minimum.

Let 𝑎 = 1𝑠𝑡 #
Let 𝑏 = 2𝑛𝑑 #

𝑎 + 𝑏 = 8

Vertex = (4, 32)

Minimum𝑏

𝑎 = 8 − 𝑏
𝑎 = 8 − (4)
𝑎 = 4

𝑎 = 4
𝑏 = 4

The minimum product is 32.

1 2

Equation #1
Isolate a variable

Equation #2
Substitute the 
isolated variable

Complete the square.

ቀ 
௕

ଶ
⎯ቁ

ଶ
=ቀ 

଼

ଶ
⎯ቁ

ଶ
= (4)ଶ = 16

Equation 1, equation 2.
The minimum or maximum 
will be y.

List the two numbers and 
the maximum.

𝑎ଶ + 𝑏ଶ = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚
𝑎ଶ + 𝑏ଶ = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚
        𝑦 = 𝑎ଶ + 𝑏ଶ

𝑦

Let statements:

𝑎 + 𝑏 = 8
     −𝑏      − 𝑏
         𝑎 = 8 − 𝑏
         𝑎 = (8 − 𝑏)

𝑦 = 𝑎ଶ + 𝑏ଶ

𝑦 = (8 − 𝑏)ଶ + 𝑏ଶ

𝑦 = 64 − 16𝑏 + 𝑏ଶ + 𝑏ଶ

𝑦 = 2𝑏ଶ − 16𝑏 + 64

𝑦 = 2𝑏ଶ − 16𝑏 + 64
𝑦 = 2(𝑏ଶ − 8𝑏) + 64
𝑦 = 2(𝑏ଶ − 8𝑏 + 16 − 16) + 64
𝑦 = 2(𝑏ଶ − 8𝑏 + 16) + 64 − 32
𝑦 = 2(𝑏 − 4)ଶ + 32

Substitute b into the other 
equation.
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The sum of two times one number and six times another is sixty. Find the numbers if their 
product is a maximum.

Let 𝑎 = 1𝑠𝑡 #
Let 𝑏 = 2𝑛𝑑 #

2𝑎 + 6𝑏 = 60

𝑦 = 𝑎 × 𝑏
𝑦 = (30 − 3𝑏) × 𝑏
𝑦 = 30𝑏 − 3𝑏ଶ

𝑦 = −3𝑏ଶ + 30𝑏

𝑦 = −3𝑏ଶ + 30𝑏
𝑦 = −3(𝑏ଶ−10𝑏 + 25 − 25)
𝑦 = −3(𝑏ଶ−10𝑏 + 25) + 75
𝑦 = −3(𝑏 − 5)ଶ + 75

Vertex = (5, 75)

Maximum𝑏

𝑎 = 30 − 3𝑏
𝑎 = 30 − 3(5)
𝑎 = 15

𝑎 = 15
𝑏 = 5

The maximum product is 75

1 2

2𝑎

2
⎯⎯⎯+

6𝑏

2
⎯⎯⎯=

60

2
⎯⎯⎯

 𝑎 + 3𝑏 = 30
             𝑎 = 30 − 3𝑏

Let statements:

Equation #1
Isolate a variable

Equation #2
Substitute the 
isolated variable

Complete the square.

ቀ 
௕

ଶ
⎯ቁ

ଶ
=ቀ 

ଵ଴

ଶ
⎯⎯ቁ

ଶ
= (5)ଶ = 25

Equation 1, equation 2.
The minimum or maximum 
will be y.

List the two numbers and 
the maximum.

𝑎 × 𝑏 = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚
𝑎 × 𝑏 = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚
        𝑦 = 𝑎 × 𝑏

𝑦

Substitute b into the other 
equation.
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