C11-2.1-6,,04, Notes

6,: the "reference angle"is the angle between the terminal arm and the x-axis (0° < 6 < 90°).

Bstp: the "angle in standard position" from the principal axis (+ x-axis) to the terminal arm.

Terminal arm.
\ N =6

6, = 45°
6 5°
180° - 09,360° 180° 0°,360°
0= Hstp
Principal Axis.
— o
Osep = 130 Ostp = 220° Osep = 300°

9r=500 r /

0, = 1809 — 50° 0 = 1809 + 40° 0., = 3609 — 50°
Osep = 130° Osrp = 2209 Osep = 310°
6, = 180° — 130° 0, = 220° —180° 6, = 360° — 310°
O

— o
b= 40

J

II 2nd Quadrant 1st Quadrant 2nd Quadrant 1st Quadrant
I 1 I
6., = 180° — 6 =
stp r Hstp =06 6, = 180° — Ostp 0, = gstp
Osep = 180° + 6, Osep = 360° — 6, 0, = O, — 180° 6, = 360° — O,
I 3rd’Quadrant | 4th Quadrant IV III 3rd’Quadrant | 4th Quadrant IV

Basic logic will calculate 65, and 6, much more easily than using these formulas.

Tri Page 1



C11-2.1- % Oy, Ocor » Opri Notes

Counter-clockwise rotation is a positive 0,

50°

-~

Os5p = 180° — 50°

Osep = 130°

Positive Co-terminal Angles (6.ot)

0

X
»
14

/40

Clockwise rotation is a negative 6,

-~

y

4

Bsep = —(180° — 30°)
gstp = _1500

Qcot = Gstp + 3600

Qcot = GStP i 3600

0, = 40° + 360°
x Qo = 400°

N

estp == 4’00, Hstp - 4000

Ot = 40°,400°,760°,1120°,14809, ...

Negative Co-terminal Angles (6.ot)

-~

4V

X

Ocor = Ostp £ 360
0.0t = 40 — 360

\‘j ' oo = 73207

Ocor = Ostp £ 360
/ 00 0.0t = —320— 360

- *

) Gee

Ot = 40°,—320°,—680°,—1040°, —1400°, ...

fsp = 1000°

6 = 1000° — 360° = 640°

= 640°—360°

You may need to add or subtract 360° more than once.

Oprinciple = Smallest + ve O, coterminal.

OR

Opri = 0 < Oeop < 360

1000° — 2(360°)

——— =2777.. OR

0.777 ... x 360°
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C11-2.2 - ASTC Notes

Quadrant II

Quadrant I
ot mo = & =
sm9=1:+ sin _I_+
6= + T o=T_4
cosf = —=— cosf = — =
b +
+ +
tanf = — = — tanf = — = +
B +
inf = — = — sinf =— = —
sinf T j—_
9 = — = — -_— - _
cos n cosf n +
tanf = — =+ tanf = — = —
B +
Quadrant IIT Quadrant IV
(H)?+(=)?=+  Remember: the hypotenuse
V+=+ is always positive.
S A
Students All

Only Sin positive.

All (sin, cos, tan) positive

Only Tan positive.

Take

T

Calculus

Only Cos positive.

C
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C11-2.3-Trig Ratios Notes

Find sinx, cox, and tanx for the following point. Find 6,. SOH CAH TOA

S Y A at+br=c tanf = _E
32 442 = c? 4
@ 9+ 16 = c? 6 = tan"1(+0.75)
3 Osep = 143.1° 25 = ¢2
6 =36.9°
N VB JE
1802 0° @ 3
tanf = ——
4 an 2
180° — 36.9° = 143.1° Check Answer
3
T c Osep = 143.1 sin143.1 = 40.6 = +§\/
3
4 e
6 = sin1(— E) 6 =cos 1 (—-) 6 =tan~'(- Z)
5 > 0 =—36.9°
6 =369 6 =143.1° - .
3 4 4, 3
6 =sin"1(+ E) 6 = cos™ (+ E) 6 =tan"'(+ Z)
6 =369 6 =36.9° 0 = 36.9°
sinf = 0.8 Solve for 0,0° < 0 < 360° and general solution
o
08 8 4
S y A sinf =T =15": 0 is the same!
1 1 1 10 5
08 08 A 08 8 A 4
o X L1 O [
180° 23.1 21 Y 0°
Draw two A’s where sin 6 is positive: ASTC Quadrant |, Il
Label the triangles according to SOH CAH TOA
T C 0
08 Solve for 6,: |0, = sin"1(+ ﬁ)
sinf = —
1 08 Draw an arrow from the principal axis:
6, = sin~? (+ T) To the first and second terminal arm
0, =53.1°
" Solve for the arrows O, sin53.1° = 0.8 \/
— o = o _ o . _
Osip = 53.1° By = 1807 =531\ answer: sin126.9° = 08 \/

=126.9°

O5p = 53.1°,126.9°

General Solution:
0 =0s,2pn,nel

6 =53.1°+360°n,n el
0 =126.9° +360°n,n €

53.1

413.1

" 054

126.9

486.9

0.514-
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C11 - 2.4 - Special Triangles 30,45,60 sin/cos/tan Notes

Diagonal of a square with sides lengths of 1

Half an equilateral with sides 2

o
450 60
2 2
450 600 600
1 2
30°))
b=+/c?2—-a?
/| O
60 > 30
V3>1
1 60°
@ 60 must open
up to the root
3. And Vice
Versa
1
sin45 = — sin60 = — . _1
V2 2 sin30 = >
1 1
30 =—
V2 2 cos 5
1 V3
tan 45 =1 tan 60 =T tan30 = —
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. 1
C11-2.5-sinf = - Notes
2 2
60°
. 1 Between 0 and !
sing = = Solve for 6,0° < 0 < 360°. 30°
2 360 degrees
S A V3
Draw Two A’s where sin 0 is +ve: ASTC Quadrant |, Il
2 Label the A’s according to SOH CAH TOA
1 1 Label the reference angle according to special A’s.
30° 30°
180° 0° . .
V3 3 Draw an arrow from the principal axis:
To the first terminal arm and the second terminal arm.
T Solve for the arrows 6,
C
Check on Calculator
Qstp = 300 Hstp = 1800 - 300 300 1500
= 150° ‘y 1 Graphing Calculator
y= 2 .
1 y = sinx
Osep = 30°,150° ' 1
> Y=3
. 1 ) .
Check youranswer:  ¢i.300 = — \/ %0 ) 270 %0 Zoom7:
2 —360 < x < 360
) 1 1 . Window = Domain
sing = > sin150° = 5 \/ y = sinf Find Intersections
cosO = _\/_7 Solve for 6,0° < 0 < 360° and general solution.
S Ty A
Draw two triangles where cos 8 is -ve...
V2
1 \
1 45° x
180° 70 > 0° b V2
1
1 45°
V2 1
T C
1
Os¢p = 180° + 45° Os¢p = 180° — 45° cosf = ——=-0.707
= 2250 = 135° V2
135 = — — \/ 225 = -~ \/
cos = —— coSs = - —
Ostp = 225°,135° V2 V2
General Solution: 151 Y 15Ty
0 =0sgptpnnel gl A ,
b = 225° +360°n,n € NI T N
— ST 0.5
= 135° + 360°n,n € [ 0.707 ) ot
sk 135 225 | 495 s5gs
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C11 - 2.6 - Unit Circle sin/cos/tan 90, 180, 270, 360 Notes

0
Unit Circle 90
D (cosx, sinx) (x, y)
(x,¥) r = Hyp
) (cosB, sinf)
180° (-1,0) 2 (1,0) 0°,360° 1
y = Opp
Radius =1 (i
(0,-1) Hyp =1 Al
2700
sinf =y cosf = x tand :%
; ppr
Opp Adj tan = ——
in@ = —— cosf = —— Adi
sin Hyp Hyp ]
. y x
=2 =2
0 1 0
sin0° = 1 cos0° = 1 tan0° = 1
sin0° = 0 cos0° =1 tan0° =0
sin90° = 1 0 tan90° _l
1 c0s90° = 1 -0
sin90° = 1 c0s90° = 0 tan90° = UND
0 1 0
sin180° = 1 cos 180° = -1 tan180° = -
sin180° = 0 cos180° = —1 tan180° =0
— 0 —
sin270° = c0s270° = 1 tan270° = -
sin270° = -1 c0s270° =0 tan270° = UND
0 1 0
sin360° = 1 c0s360° = 1 tan360° = 1
sin360° =0 cos360° =1 tan360° =0
-~ ;
15+
v
: 0.5+ %
A
0 X
18 270 9 180 70
0.51 ;
1 1
154 L5
y = cosx

y = sinx
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C11- 2.7 - TOV sinx,cosx,tanx Graph TOV Notes

= sinx 2y
g Qi Q2 Q3 Q4
X y Pt. '
0° 0 (0,0) ‘ ©01) 4
20° 1 (90,1) (0,0) (180, 3 (360,0) x
1800 O It 270 60
(180,0) | 1 ) ?
270° | -1 (270,-1) 5
Yy = COSX 2
X Yy Pt. 1) 1 (360,1) 2
° 1 (0,1) 74 4 ™~
(9, (270,0 x
90° 0 (90,0) ‘ 5 7
180° -1 (180,-1) )
270° 0 (270,0) 3
3600 1 (360,1)
Ty
y =tanx
X y Pt. (4511)/4 Repeat Patt(%n Repeat Pattern
°© 0 (-45-1) | 1
©9 (180,0) (3600). / x
450 1 (0,0) 0 2 0 0 3'
90° und (45,1) : g354)
135° -1 (90,und) 5 / /
180° 0 (135,-1) V‘L V\L

(180,0)

ASTC Tan is Zero when sin is zero

Special Triangles Tan is UND when cos is zero tanx =
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C11-2.8-sin260 Notes

sin26 = % Solve for 8 0° < 6 < 360°, and the general solution.
) 1
smm = 2 Let m = 20 Draw two A’s where sin m is +ve: ASTC Quadrant |, Il
S i y A Label the triangles according to SOH CAH TOA
2 Label the reference angle according to special A’s.
1 1 . . 2
300 . X Draw an arrow from the principal axis: 60°
30 ) To the first and second terminal arm .
V3 7 30
Solve for the arrows mygy,, V3
T C Check your answer:  ¢i29 = 1
2
) 1
sinm = =
' 2

1 1

sin(2(15)) =5 \/ sin(2(75)) = = \{
2 2

Mstp

Mgy = 180° — 30°

|

v

m = 30° m = 150°
20 = 30° 20 = 150° |Substitute 26 back in for m.
20 30° 26 150°
2 i zﬁ
y = sin@ y = sin26
195° 255°
30° . 150° 150\‘“ y /75" I
v RVAV A" NN VR
P= 7
> > 360°
90 1 270 60 0 2 0 p=—;

:

A

180°

p:

0= gstp tp
6 = 15° + 180°

sin( 2(195)) = % \/

1
sin(2(225)) = 3 \/
General Solution: e, = Ogp £pn,n € 1

Ogen = Ostp 2PN, M E [
Ogen = 152 £180° n,n € | Bgen = 75° £180°n,n € I

0 =0sptp 0<6<360°

6 = 75° +180°
6 = 15°,75°,195°,225°
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C11- 2.9 - Solve ASS Triangle Without Sine Law Notes

Solve the triangle with side lengths of 6 m and 10 m, and an angle of 57°.

6 10
57°
B
10
6 h
57° [T
¢ A
b
d o
6 I
579 [ | 0.2°
“T@ T
0 4 0
sin@ =€ cosO = 5 sing = 7 cosd = %
X
] = =z 5.03
sin57° = A cos57° = c sinf = To c0s30.20 = %
h X _
6 X sin57° = — 6 X cos57% = _x6 swie = 9i503 0.864 — 1y_o
6sin57° = h 6c0s57° = x 6 = sin 00.503 ¢
503 =h 327 =x 0 =302 10 X 0.864 = = x40
364 =
a = 180° — (57° + 90°) B =180° — (30.2° +90°)
a = 180° — 147° B =180° — 120.2°
a = 33° B = 59.8°
_ b=x+y
P2l g b =327 +864
B
(o]
0
>7° 30.2°
11.91
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C11 - 2.9 - Sine Law Notes

Sine Law:

Or: 180 Minus

sindA _ sinB _ sinC What you are looking for

a b c
sinA ~ sinB  sinC OR a b

(to find a side)

goes on top but algebra

(to find an angle) allows you to do either

Notice: Use the Sine Law if you have:

—An opposite pair

—And one other piece of information

Opposite

Pair Remember: We only sin angles.
180° in a triangle

a c

— = — a c
sind  sinC —_— = —
4 c sinA sinC

510 sin38°  sin51° asin€ =c

¢ sinA
6.497 = 07

C
0.777 X 6.497 iWW

5.048 = ¢

380 ¢ = 5.048

A

SinA _ sinB

a b
C sin(30) _ sinB
10 7

sinB
; 7 X .05 = Zzﬁ

0.35 = sinB
sinB = 0.35
B = sin~1(0.35)

307 A B = 20.59

Remember: If you have 2 angles without either opposite side, use 180° in a triangle.

Tri Page 11




C11-2.10 - Solve SAS Triangle Without Cosine Law Notes

Solve the triangle with side lengths of 6 m and 10 m, and an angle between the two given sides of 57°.

C

. 0 A

sinf :E cosf = i

x

sin57° = ‘ c0s57° =§

6 X sin57° = E 6 X cos57° =’€},6’

6sin57° = h 6c0s57° = x
5.03=nh 327 =x

57° +90° + ¢ = 180°
147° + o = 180°

tanf = 0
anf =—
g 503
e =673
tanf = 0.7474
0 = tan~1(0.7474)
6 =36.77°

379 +90° + B = 180°
127° + B = 180°

—147° — 147° —127° —127°
a = 33° B = 53°
B=a+p
=339 4 53¢
= 86°
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A
md = 0
sinf = 7
5.03
sin37 = ——
c
) 5.03
c X sin37 = —%»(
csin37 = 5.03
csin 5.03

s#37  sin37
5.03

€= sin37
c = 8.36



Remember: Find the smallest angle first, and/or 180 minus

C11-2.10 - Cosine Law Notes

Cosine Law Cosine Lav\v:ﬁ\

C c? = @cosc
Notice: This pattern
should occur.

Cosine Law: SSS (hard) and SAS (easy)

Remember: Only one angle in the formula

B Remember: We only cos angles.
C
c? = b%? +a? — 2abCosC
1 50° €2 =92 4122 — 2(12)(9)cos50
c? =862
9 Jc2 =862 Plug into calculator
Square root both sides
B c A
B
c?=b% + a? — 2abcosC
6%= 32 + 4% — 2(4)(3)cosC Substitute values in
36 =9 + 16 — 24cosC Calculate the squares, multiply
6 4 36 = 25 — 24cosC Add
\ 36 = 25 — 24cosC
0 —25 =25 Subtract from both sides
C
A 3 11 = —24cosC
11 _ —24cosC
—%il - 24 Divide both sides
22 = cosC
1
cosC = —-7
C =cos™ ! —E) Inverse cos
Ce=urz>”
c? = b% +a?
C = cos-! (a®>+b?% — c?) b2 = c2 +
(2ab) a® = b3
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See edit below

C11- 2.11 - Sine/Cosine Law Notes Solve the Triangle

Solve for a.
< C = 180° — 40° — 55° ¢ __¢
- 850 sind ~ sinC
a = a 4
sinSaSO " sin85°
400 559 0819~ +01°
B A a
" a=3289
Solve the triangle.
B B = 180° — 63° — 52° - © .
= - - A o sinB  sinC
— 650 s(llnA smg b ~ 6
sin520 = $in63° sin65°  sin63°
6 2 6734 —— = 6.734
a 0.76188 ' 0906
U?%z 6.734 x 0.788 w%%%é = 6.734 x 0.906
52° A a=6.734x0.788 T p=6.101
63° a = 5.306
b
Solve the triangle  *Find the angle opposite of the smaller side 1st.
o H .
Cosine Law: Switched b and ¢ Sine Law: 180%in a triangle:
j j C = 180° — 38° — 35°
c? = a? + b% — 2abcosC sind _ sinB bpes
2 2 2 a =107
b* =a* + c* — 2ac - cosB sind  sin38°
b? =32 + 52 — 2(3)(5) - cos(38°) =
b? = 9 + 25 — 30 cos(38°) a2
b? =34 —23.64 3 = 0.19
a=3 b? =10.36 sinA
\/b—: 1036 3XT_O'19X3
b =322 sind = 0.57
A = 35°
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C11-2.12 - Ambiguous Case of Sine (ASS) Notes

How many triangles? Solve the triangles. Remember: Always find the height first.

2A=30%b=8a=4

0 A
8 | sinf = — cosf = —
&=2 H i
30° ' sin30° = = cos30° = —
AT ————————— 8 8
8sin30° = h 8cos30°=4
4=nh 69=A
<]
8 @
4 a=nh 6 = 180° — 30° — 90°
30° One triangle
2A=30°%b=8,a=10
C 10 > 8
a>b
One triangle
A

sinB  sinA o o 0 ¢ = a

- = — = 1807 —23.6° — 30 sinC  sinA
sinB  sin 309 - - = By

5 = 0 sin 126.%10 sin 309
sinB 08~ 20

=005 08

. SinB 0Exn O.8Xﬁ=20><0.8
X = 0.05 x .@
sinB = 0.4
B =sin"10.4

2A =30%b=8,a=3
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a<H

no triangle

No triangle, can't solve.



C11-2.12 - Ambiguous Case of Sine (ASS) Notes

How many triangles? Solve the triangles.

2A=30°b=8a=6

sin 30° _sinB

8
0.083 = 227
T8
_ SinB
8% 0.083 = X 8
0.6 = sinB
sinB =0.6

B =sin~10.6
0 80° — 30° —41.8°
0 108.2¢

C _ a
sinC ~ sind
c _ 6
sin 108.ZC° " sin30°
— =12
0.95

0.95 X —— = 12 0.95

A 30°

138.2941.8°

Remember: Always find the height first.

4<6<8
H<a<B
Two triangles

Draw both triangles together and separately.

6 =180° —41.8°
g = 138.2°

0 =180° — 30° —138.2°
0 =11.8¢

c a

sinC - sind
c 6
sin 11.8° " sin30°

0204 2
C

0.204 x

0204 = 12 x 0.204

AN

/e
/TN

Notice: Both triangles have an angle of 30, a side going up of 8, and a side opposite to 30° of 6.

Notice: The isosceles triangle.
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C11-2.12 - Ambiguous Case of Sine (ASS) Notes

How many triangles? Solve the triangles.

10>6
a>b
2A =120°b =6,a =10 One triangle
C
@ —_ 10
6 T
120° — B
A 5.5
sinB _ sinA 6 = 180° — 31.3° — 120°
"
sinB B sin 120°
6 10 c a
sinB =
= 0.0866 sinC sinA
{ c 10
sinB =
6 X = 0.0866 X 6 sin 28.C70 sin 120°
sing = O..Sg1 050 048 =11.55
=sin_~. 0.48 x = 11.55 x 0.48
KT
2A=120°%b=6,a=4
4 <6
a<b
No triangle

No triangle. Can't solve.
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