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  lim (ݔ)݂     = 1
→ݔ 2

  lim (ݔ)݂    ܮ=
→ݔ ܿା

ܶℎ݁ ܿܽ݋ݎ݌݌ܽ ݔ ݏܽ,(ݔ)݂ ݂݋ ݐ݅݉݅ܮℎ݁ݐ ݉݋ݎ݂,ܿ ݏℎ݁ ݁݀݅ݏ ݁ݒ݅ݐ݅ݏ݋݌ (݃݅ݎℎݐ),݁ܮ ݏ݈ܽݑݍ.

  lim (ݔ)݂    ܮ=
→ݔ ܿି

ܶℎ݁ ܿܽ݋ݎ݌݌ܽ ݔ ݏܽ,(ݔ)݂ ݂݋ ݐ݅݉݅ܮℎ݁ݐ ݉݋ݎ݂,ܿ ݏℎ݁ ݊݁݃ܽ(ݐ݂݈݁) ݁݀݅ݏ ݁ݒ݅ݐ, ܮ ݏ݈ܽݑݍ݁

ݏݐ݅݉݅ܮ ݀݁݀݅ܵ ܱ݁݊

ݐ݅݉݅ܮ ℎܽ݊݀ ݐ݂݁ܮ = ܴ݅݃ℎݕ݈݊݋ ݀݊ܽ ݂݅ ݏݐݏ݅ݔܧ ݐ݅݉݅ܮݐ݅݉݅ܮ ݀݊ܽܪ ݐ ݂݅:

  lim (ݔ)݂    ܮ=
→ݔ c

  lim (ݔ)݂    ܮ=
→ݔ ܿି

  lim (ݔ)݂    ܮ=
→ݔ ܿା

ܽ݊݀

ݎ݋

  lim (ݔ)݂    ܧܰܦ=
→ݔ c

ݐݏ݅ݔܧ ݐ݋ܰ ݏ݁݋ܦ ݐ݅݉݅ܮ

.ℎ݅݊݃ܿܽ݋ݎ݌݌ܽ ݏ݅ ݕ ݐℎܹܽ:ݐ݅݉݅ܮ

ܹℎܽܿܽ݋ݎ݌݌ܽ ݕ ݏ݅ ݐℎ݅݊݃ ܽܿܽ݋ݎ݌݌ܽ ݔ ݏℎ݁2 ݏ?

ݔ ݕ
1.9 .9

1.999 .999
2 DNE

2.001 1.001
2.1 1.1

(ݔ)݂ = ݔ    − 1         ; ݔ  ≠ 2

ܶℎ݁ ܿܽ݋ݎ݌݌ܽ ݔ ݏܽ,(ݔ)݂ ݂݋ ݐ݅݉݅ܮℎ݁2 ݏ, .1 ݏ݈ܽݑݍ݁

  lim (ݔ)݂     = ?
→ݔ 2

1 ݏℎ݁ܿܽ݋ݎ݌݌ܽ ݕ
.2 ݏℎ݁ܿܽ݋ݎ݌݌ܽ ݔ ݏܽ 

  lim (ݔ)݂    = 1
→ݔ 2ା

  lim (ݔ)݂    = 1
→ݔ 2ି ܽ݊݀

ݐ݅݉݅ܮ ݀݊ܽܪ ݐ݂݁ܮ = ܴ݅݃ℎݐ݅݉݅ܮ ݀݊ܽܪ ݐ

(ݔ)݂ =
ݔ) − ݔ)(1 − 2)

ݔ) − 2)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

݂(2) = ܧܰܦ

:݊݅ܽ݉݋ܦ (−∞, 2)ܷ(2,∞)

:݈݁݋ܪ

(2,−3)

ݔ − 2 = 0
ݔ         = 2

(2,1)݂(2) = −1

{ −3              ; ݔ   = 2

(2,1)

C12 - 1.1 - Limits Removable Discontinuities Graph Notes
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(ݔ)݂ =
1

ݔ − 2⎯⎯⎯⎯⎯ 

ܹℎܽܿܽ݋ݎ݌݌ܽ ݕ ݏ݅ ݐℎ݅݊݃ ܽܿܽ݋ݎ݌݌ܽ ݔ ݏℎ݁2 ݏ?

ܹℎܽܿܽ݋ݎ݌݌ܽ ݕ ݏ݅ ݐℎ݅݊݃ ܽܿܽ݋ݎ݌݌ܽ ݔ ݏℎ݁ݏ − 1?

(ݔ)ܨ = ݔ− + ݔ;               1 < 1
ݔ + ݔ;                  1 ≥ −1

ݔ ݕ
1.9 -10

1.999 -1000
2 DNE

2.001 1000
2.1 10

ݔ ݕ
-1.1 2.1

-1.001 2.001
-1 0

-.999 .001
-.9 .1

  lim (ݔ)݂     = ?
→ݔ 2

  lim (ݔ)݂     = ?
1−→ݔ

  lim (ݔ)݂     ܧܰܦ=
→ݔ 2

ܶℎ݁ (ݔ)݂ ݂݋ ݐ݅݉݅ܮ, ݐݏ݅ݔܧ ݐ݋ܰ ݏ݁݋ܦ,2 ݏℎ݁ܿܽ݋ݎ݌݌ܽ ݔ ݏܽ

ܶℎ݁ (ݔ)݂ ݂݋ ݐ݅݉݅ܮ, − ݏℎ݁ܿܽ݋ݎ݌݌ܽ ݔ ݏܽ ݐݏ݅ݔܧ ݐ݋ܰ ݏ݁݋ܦ,1

  lim (ݔ)݂    = +∞
→ݔ 2ା

  lim (ݔ)݂    = −∞
→ݔ 2ି ܽ݊݀

ݐ݅݉݅ܮ ݀݊ܽܪ ݐ݂݁ܮ ≠ ܴ݅݃ℎݐ݅݉݅ܮ ݀݊ܽܪ ݐ

  lim (ݔ)݂    = 0
1ା−→ݔ

  lim (ݔ)݂    = 2
1ି−→ݔ ܽ݊݀

ݐ݂݁ܮ ݐ݅݉݅ܮ ݀݊ܽܪ  ≠ ܴ݅݃ℎݐ݅݉݅ܮ ݀݊ܽܪ ݐ

  lim (ݔ)݂     ܧܰܦ=
1−→ݔ

1
2.001 − 2
⎯⎯⎯⎯⎯⎯⎯⎯⎯

    
1

.001⎯⎯⎯⎯

   
1

( 1
1000⎯⎯⎯⎯⎯)
⎯⎯⎯⎯⎯⎯⎯

        1 ×
1000

1⎯⎯⎯⎯⎯

     1000

C12 - 1.1 - Limits Infinite/Jump Discontinuity Graph Notes
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ݕ = ; ଶݔ ݔ  < 1

(ݔ)݂ = { ,ଶݔ    ݔ   < 1
,ݔ    ݔ     ≥ 1

ݕ = ; ݔ ݔ   > 1

  Lim
→ݔ 1 

  Lim
→ݔ 1+ 
  Lim
→ݔ 1ା 

  Lim
→ݔ 1ି 
  Lim
→ݔ 1ି 

(ݔ)݂ =
ଶݔ
(1ି)ଶ

1

(ݔ)݂ =
ݔ
(1ା)ଶ

1

(ݔ)݂ =

1

(ݔ)݂ = { ,ଶݔ          ݔ   < 1
ݔ    + 1, ݔ     ≥ 1

ݔ → 1ା
ଶݔ → 1

ݔ → 1ି
ݔ → 1

  Lim
→ݔ 1+ 

  Lim
→ݔ 1ା = =   Lim

→ݔ 1 = 1

  Lim
→ݔ 1 

  Lim
→ݔ 1+ 
  Lim
→ݔ 1ା 

  Lim
→ݔ 1ି 
  Lim
→ݔ 1ି 

(ݔ)݂ =
ݔ + 1
(1ା)ଶ + 1

2

(ݔ)݂ =
ଶݔ
(1ି)ଶ

1

(ݔ)݂ =

ݔܧܰܦ → 1ା
ଶݔ → 1

ݔ → 1ି
ݔ + 1 → 2

  Lim
→ݔ 1+ 

  Lim
→ݔ 1ା ≠ →   Lim

→ݔ 1 = ܧܰܦ

1ି ; ݔ < 1
1ା ; ݔ > 1

Continuous

Discontinuous

(ݔ)݂ = ,ଶݔ   } ݔ   < 1
,ݔ    ݔ     ≥ 1

(ݔ)݂ =         1, ݔ     = 1

(ݔ)݂ = 1, ݔ = 1

Removable 
discontinuity

Discontinuous

Continuous

C12 - 1.1 - Limits Continuity Graph Equation Notes
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(ݔ)݂ = { ,ଶݔ    ݔ   < 1
,ݔ    ݔ     ≥ 1

(ݔ)݂ = { ,ଶݔ          ݔ       < 1
ݔ2    − 1, ݔ     ≥ 1

1ି ; ݔ < 1
1ା ; ݔ > 1

 
ݔ)݂ + ℎ)− (ݔ)݂

ℎ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯  Lim

ℎ→ 0ି
  Lim
ℎ→ 0ା  

ݔ)݂ + ℎ)− (ݔ)݂
ℎ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯       ݂ᇱ(ݔ) =                         ݂ᇱ(ݔ) =                  

 
ݔ)݂ + ℎ)− (ݔ)݂

ℎ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯  Lim

ℎ→ 0ି
  Lim
ℎ→ 0ା  

ݔ)݂ + ℎ)− (ݔ)݂
ℎ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯       ݂ᇱ(ݔ) =                         ݂ᇱ(ݔ) =                  

2 1

2 2

Not Differentiable

≠

Differentiable

=

ݔ2 = 1
   2 ≠ 1

Power

ݔ2 = 2
   2 = 2 Power

C12 - 1.1 - Limits Differentiability Graph Equation Notes
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9 − ݔ
3   ⎯⎯ݔ√−
⎯⎯⎯⎯⎯⎯⎯  Lim

→ݔ 9

Find the Limits

9 − ݔ
3   ⎯⎯ݔ√−
⎯⎯⎯⎯⎯⎯⎯× 3 +  ⎯⎯ݔ√

3 + ⎯⎯⎯⎯⎯⎯ ⎯⎯ݔ√ Conjugate 

(9 − 3)(ݔ + ( ⎯⎯ݔ√
9 − ݔ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

   (3 3)( ⎯⎯ݔ√− + ( ⎯⎯ݔ√ =
9 + − ⎯⎯ݔ√3 − ⎯⎯ݔ√3 ݔ =
              9 − ݔ

3 +  ⎯⎯ݔ√

  Lim
→ݔ 0

ܦܥܮ = ݔ)3 + 3)

  Lim
→ݔ 0

ݔ−
ݔ)3 + 3)
⎯⎯⎯⎯⎯⎯⎯⎯×

1
ݔ
⎯⎯

1
ݔ + 3⎯⎯⎯⎯⎯− 1

3⎯⎯
ݔ

⎯⎯⎯⎯⎯⎯⎯⎯⎯

Flip and Multiply

  Lim
→ݔ 0

  Lim
→ݔ 0

Simplify

Simplify−
1

ݔ)3 + 3)
⎯⎯⎯⎯⎯⎯⎯⎯

ݔ−
ݔ)3 + 3)⎯⎯⎯⎯⎯⎯⎯⎯

ݔ
1⎯⎯

⎯⎯⎯⎯⎯⎯⎯⎯

  Lim
→ݔ 0

3 − ݔ) + 3)
ݔ)3 + 3)⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ݔ
1⎯⎯

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

−
1
9
⎯⎯ Substitute

  Lim
→ݔ 9

  Lim
→ݔ 9

  Lim
→ݔ 9

Simplify
FL

Substitute
3 + √9⎯⎯ 

3 + 3

    6

1
ݔ + 3⎯⎯⎯⎯⎯− 1

3⎯⎯
ݔ
1⎯⎯

⎯⎯⎯⎯⎯⎯⎯⎯⎯

Multiply Top and Bottom by LCD3 − ݔ) + 3)
ݔ)ݔ3 + 3)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ݔ−
ݔ)ݔ3 + 3)
⎯⎯⎯⎯⎯⎯⎯⎯⎯

−1
ݔ)3 + 3)
⎯⎯⎯⎯⎯⎯⎯⎯

OR

:ܦܥܮ ݔ)3 + 3)

Add Fractions

C12 - 1.2 - Limits Algebra Conj/LCD Notes
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  Lim
→ݔ 0

ݔ݊݅ݏ
ݔ

⎯⎯⎯⎯= 1
  Lim
→ݔ 0

ݔ2݊݅ݏ
ݔ2

⎯⎯⎯⎯⎯ =

1

  Lim
→ݔ 0
  Lim
→ݔ 0
  Lim
→ݔ 0

ݔ2݊݅ݏ
ݔ

⎯⎯⎯⎯⎯
ݔ2݊݅ݏ
ݔ

⎯⎯⎯⎯⎯×
2
2
⎯⎯

ݔ2݊݅ݏ
ݔ2

⎯⎯⎯⎯⎯× 2
         1 × 2

         2

  Lim
→ݔ 0

  Lim
→ݔ 0

  Lim
→ݔ 0

ݔ4݊ܽݐ
ݔ3݊ܽݐ
⎯⎯⎯⎯⎯⎯ 
ݔ4݊ܽݐ

1⎯⎯⎯⎯⎯⎯× ݔ4
⎯⎯⎯ݔ4

ݔ3݊ܽݐ
1⎯⎯⎯⎯⎯⎯× ݔ3

⎯⎯⎯ݔ3
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 

ݔ4݊ܽݐ
×⎯⎯⎯⎯⎯⎯ݔ4 ݔ4

ݔ3݊ܽݐ
×⎯⎯⎯⎯⎯⎯ݔ3 ݔ3

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

         
1 × ݔ4
1 × ݔ3
⎯⎯⎯⎯⎯⎯

                 
4
3
⎯⎯

  Lim
→ݔ 0

  Lim
→ݔ 0

ݔ݊ܽݐ
ݔ

⎯⎯⎯⎯ = 1

ݔ݊݅ݏ
ݔ

⎯⎯⎯⎯×
1

ݔݏ݋ܿ
⎯⎯⎯⎯

1 ×
1
1
⎯⎯

1

     
ݔ݊ܽݐ
ݔ

⎯⎯⎯⎯

     
ݔ݊݅ݏ
⎯⎯⎯⎯ݔݏ݋ܿ
ݔ
1⎯⎯

⎯⎯⎯⎯⎯

ݔ݊݅ݏ
ݔݏ݋ܿ
⎯⎯⎯⎯ ×

1
ݔ
⎯⎯

ݔ݊݅ݏ
ݔ

⎯⎯⎯⎯×
1

ݔݏ݋ܿ
⎯⎯⎯⎯

Proof

  Lim
→ݔ 0

  Lim
→ݔ 0

1 − ݔݏ݋ܿ
ݔ

⎯⎯⎯⎯⎯⎯⎯⎯= 0

ݔ݊݅ݏ
ݔ

⎯⎯⎯⎯×
ݔ݊݅ݏ

1 + ݔݏ݋ܿ
⎯⎯⎯⎯⎯⎯⎯⎯

1 ×
0

1 + 1
⎯⎯⎯⎯⎯

0

1 − ݔݏ݋ܿ
ݔ

⎯⎯⎯⎯⎯⎯⎯⎯×
1 + ݔݏ݋ܿ
1 + ݔݏ݋ܿ
⎯⎯⎯⎯⎯⎯⎯⎯

sinଶ ݔ
1)ݔ + (ݔݏ݋ܿ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ݔ݊݅ݏ
ݔ

⎯⎯⎯⎯×
ݔ݊݅ݏ

1 + ݔݏ݋ܿ
⎯⎯⎯⎯⎯⎯⎯⎯

Conjugate

Defn

Flip and Multiply

Separate Fractions

lim
௫→଴

ݔ2݊݅ݏ
ݔ4

⎯⎯⎯⎯⎯

lim
௫→଴

ݔ2݊݅ݏ
ݔ2

⎯⎯⎯⎯⎯×
1
2
⎯⎯

                1 ×
1
2
⎯⎯

                        
1
2
⎯⎯

4 = 2 × 2

Separate Product
lim
௫→଴

ݔ2݊݅ݏ
ݔ3݊݅ݏ
⎯⎯⎯⎯⎯

lim
௫→଴

ݔ2݊݅ݏ
1⎯⎯⎯⎯⎯

ݔ3݊݅ݏ
1⎯⎯⎯⎯⎯

⎯⎯⎯⎯⎯⎯×
ݔ2
⎯⎯⎯ݔ2
ݔ3
⎯⎯⎯ݔ3
⎯⎯⎯

lim
௫→଴

ݔ2݊݅ݏ
⎯⎯⎯⎯⎯ݔ2

ݔ3݊݅ݏ
⎯⎯⎯⎯⎯ݔ3

⎯⎯⎯⎯⎯⎯×
ݔ2
1⎯⎯⎯
ݔ3
1⎯⎯⎯
⎯⎯⎯

                 
1
1
⎯⎯×

ݔ2
ݔ3
⎯⎯⎯

                         
2
3
⎯⎯

C12 - 1.2 - Limits Trig Algebra Notes

   Calc Txt Page 7    



  Lim
0ା→ݔ

1
ݔ
⎯⎯
1

0ା
⎯⎯⎯

+∞

1
 0ା
⎯⎯⎯≈ +∞

1
 0ି
⎯⎯⎯≈ −∞

A relatively large number divided by a very small positive number is approximately Infinity

A relatively large number divided by a very small negative number is approximately Infinity

  Lim
0ି→ݔ

1
ݔ
⎯⎯
1

0ି
⎯⎯⎯

−∞

  Lim
∞-→ݔ

  Lim
∞+→ݔ

1
ݔ
⎯⎯

1
−∞
⎯⎯⎯

0

1
ݔ
⎯⎯

1
+∞
⎯⎯⎯

0

1
−∞
⎯⎯⎯ ≈ 0

1
+∞
⎯⎯⎯ ≈ 0 A relatively small number divided by a very large positive number is approximately Zero

1 ≫ 0ା

1 ≫ 0ି

A relatively small number divided by a very large negative number is approximately Zero

1 ≪ +∞

1 ≪ −∞

How many times does the bottom go into the top?

−5ା ≈ −4.999999
 −5ି≈ −5.000001

    5ା−5 = 0ା
  5 − 5ି = 0ା

5ି − 5 = 0ି
  5 − 5ା = 0ି

−5ା + 5 = 0ା
−5ି − 5 = 0ି

ݔ → 0ା
1
ݔ
⎯⎯→ ∞

ݔ → −∞
1
ݔ
⎯⎯→ 0ି

ݔ → ∞
1
ݔ
⎯⎯→ 0

ݔ → 0ି
1
ݔ
⎯⎯→ −∞

−5.01

−4.99 +0.01

−0.01
0 5−5

5.01

4.99

0ା ≈ +0.00001
0ି ≈ −0.00001

   5ା ≈     5.000001
   5ି ≈     4.990999

ݕ =
1
ݔ
⎯⎯

:ܣܸ ݔ = 0

:ܣܪ ݕ = :ܣܪ0 ݕ = 0

:ܣܸ ݔ = 0

ݔ ݕ
−10ଵ଴ ≈ 0ି

−1 −1
0ି −∞
0 DNE
0ା ∞
1 1
10ଵ଴ 0ା

:ܣܸ ݔ = 0

Denominator=0

#ஶ = ∞
∞ஶ = ∞

ݔ ݕ
−10ଵ଴ ≈ 0ି

ݔ ݕ
0ି −∞

ݔ ݕ
10ଵ଴ 0ା

ݔ ݕ
0ା ∞

    ݈݅݉
ݔ → +∞ 
݉݅ܮ   
ݔ  → −∞

OR
(ݔ)݂ = #

(ݔ)݂ = #

:ܣܪ ݕ = #

݉݅ܮ   
ݔ  → ܽା

݉݅ܮ   
ݔ  → ܽି = ±∞

= ±∞
OR

:ܣܸ ݔ = ܽ

C12 - 1.3 - Limits Vertical/Horizontal Asymptotes Notes
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(ݔ)݂ = −
1

ݔ − 2
⎯⎯⎯⎯⎯

(ݔ)݂ =
1
ݔ
⎯⎯

A vertical asymptote by definition is the limit as x approaches the VA from the left-hand side and 
the right-hand side and equals +∞,−∞ ݁݅ݐℎ݁ݐ݋ܾ ݎ݋ ݎℎ.

ݔ ݕ      
  −0.1   −10
 −0.01  −100
−0.001 −1000
       0ି −∞
       0 ܧܰܦ 
       0ା +∞
   0.001  1000
    0.01   100
     0.1    10

ݔ       ݕ     
    1.9   10
   1.99  100
  1.999 1000
      2ି ∞
      2 DNE
      2ା −∞
  2.001 −1000
   2.01 −100
    2.1 −10

  Lim
→ݔ 0ି
  Lim
→ݔ 0ି

  Lim
→ݔ 0ା 
  Lim
→ݔ 0ା 

1
ݔ
⎯⎯
1

0ି
⎯⎯⎯

 −∞

1
ݔ
⎯⎯
1

0ା
⎯⎯⎯

+∞

  Lim
→ݔ 2ି
  Lim
→ݔ 2ି

  Lim
→ݔ 2ା 
  Lim
→ݔ 2ା 

ݎ݋ݐܽ݊݅݉݋݊݁ܦ:ܣܸ = 0

ݔ   = :ܣ0ܸ

 −   
1

ݔ − 2
⎯⎯⎯⎯⎯=

−
1

2ା − 2
⎯⎯⎯⎯⎯⎯

    −  
1

0ା
⎯⎯⎯

    ∞

   −
1

ݔ − 2
⎯⎯⎯⎯⎯=

−
1

2ି − 2
⎯⎯⎯⎯⎯⎯

    −  
1

0ି
⎯⎯⎯

   +∞

ݔ − 2 = 0

ݔ        = 2

ܧܰܦ

  lim
→ݔ 0ି
  lim
→ݔ 0ି

x y
-2 1

4
⎯⎯

-1 1
-0.01 10000

     0ି ∞
0 DNE

      0ା ∞
0.01 10000

1 1
2 1

4
⎯⎯

ଶݔ = 0

ݔ   = 0

:ܣܸ:ܣܸ

1
ଶݔ
⎯⎯⎯

1
(0ି)ଶ⎯⎯⎯⎯⎯

0ା

∞

(ݔ)݂ =
1
ଶݔ
⎯⎯⎯

1
ଶݔ
⎯⎯⎯

1
(0ା)ଶ⎯⎯⎯⎯⎯

0ା

ܧܰܦ∞ ∞

  lim
→ݔ 0ା
  lim
→ݔ 0ା

  lim
→ݔ 0
  lim
→ݔ 0

1
ଶݔ
⎯⎯⎯= ?

C12 - 1.3 - Limits Vertical Asymptotes Notes
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  Lim
∞→ݔ

  Lim
∞→ݔ

  Lim
∞→ݔ

   
ଶݔ3 + 4
ଶݔ1 − 1
⎯⎯⎯⎯⎯⎯⎯

    3 + 4
    ⎯⎯⎯ଶݔ

1 − 1
⎯⎯⎯ଶݔ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

    3 + 4
∞ଶ⎯⎯⎯    

1 − 1
∞ଶ⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

    
3 + 0
1 − 0
⎯⎯⎯⎯⎯

        3

:ܣܪ ݕ = 3

A horizontal asymptote by definition is the limit as x approaches ±infinity. Substitute ±infinity for x into a 
table of values. Or. Divide top and bottom by x to the highest exponent of x in denominator and solve.

Horizontal Asymptote lim
௫→±ஶ

(ݔ)݂ = ܣܪ;  # ݕ  = # ݔ ݕ
∞ #

ݔ ݕ
−∞ #

  Lim
→ݔ -∞

  Lim
→ݔ -∞

  Lim
→ݔ -∞

    
ଶݔ + 5

ଷݔ3 + ݔ2
⎯⎯⎯⎯⎯⎯⎯⎯

+⎯⎯ݔ1    
5
    ⎯⎯⎯ଷݔ

3 + 2
⎯⎯⎯ଶݔ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

1
−∞⎯⎯⎯ + 5

(−∞)ଷ⎯⎯⎯⎯⎯⎯

3 + 2
(−∞)ଶ⎯⎯⎯⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

0 + 0
3 + 0
⎯⎯⎯⎯⎯

0

:ܣܪ ݕ = 0

  Lim
∞→ݔ

  Lim
∞→ݔ

  Lim
∞→ݔ

  Lim
∞→ݔ

    
ସݔ + ݔ3
ݔ2 + 1
⎯⎯⎯⎯⎯⎯⎯

ଷݔ     + 3    

2 + 1
⎯⎯ݔ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

    
∞ + 3

2 + 1
∞⎯⎯

⎯⎯⎯⎯⎯⎯

    
∞

2 + 0
⎯⎯⎯⎯⎯

      ∞

݁݊݋݊:ܣܪ

     
ଶݔ3 + 4
ଶݔ1 − 1
⎯⎯⎯⎯⎯⎯⎯

ݔ3    
ଶ

⎯⎯⎯ଶݔ + 4
    ⎯⎯⎯ ଶݔ

ଶݔ
−⎯⎯⎯ଶݔ

1
⎯⎯⎯ଶݔ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

    3 + 4
    ⎯⎯⎯ଶݔ

1 − 1
⎯⎯⎯ଶݔ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

   
ଶݔ + 5

ଷݔ3 + ݔ2
⎯⎯⎯⎯⎯⎯⎯⎯

ݔ    
ଶ

+⎯⎯⎯ଷݔ
5
    ⎯⎯⎯ଷݔ

ଷݔ3
⎯⎯⎯ଷݔ + ݔ2

⎯⎯⎯ଷݔ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

+⎯⎯ݔ1    
5
    ⎯⎯⎯ଷݔ

3 + 2
⎯⎯⎯ଶݔ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ସݔ     +     ݔ3
ݔ2 + 1

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ݔ    
ସ

+⎯⎯⎯ݔ
ݔ3
    ⎯⎯⎯ݔ

ݔ2
+⎯⎯⎯ݔ

1
⎯⎯ݔ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ଷݔ     + 3    

2 + 1
⎯⎯ݔ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

  Lim
∞→ݔ
  Lim
∞→ݔ

ଶݔ3 + 4
ଶݔ1 − 1
⎯⎯⎯⎯⎯⎯⎯
ଶݔ3

ଶݔ1
⎯⎯⎯

3
1
⎯⎯

  Lim
→ݔ -∞
  Lim
→ݔ -∞

ଶݔ + 5
ଷݔ3 + ݔ2
⎯⎯⎯⎯⎯⎯⎯⎯
ଶݔ

ଷݔ3
⎯⎯⎯
1
ݔ3
⎯⎯⎯

1
3(−∞)⎯⎯⎯⎯⎯⎯

0

ସݔ + ݔ3
ݔ2 + 1
⎯⎯⎯⎯⎯⎯⎯
ସݔ

ݔ2
⎯⎯⎯
ଷݔ

2
⎯⎯⎯
(∞)ଷ

2
⎯⎯⎯⎯

∞

  Lim
∞→ݔ
  Lim
∞→ݔ

Find HA

C12 - 1.4 - Limits Rational HA Notes

   Calc Txt Page 10    



  Lim
∞→ݔ
  Lim
∞→ݔ

  Lim
→ݔ -∞
  Lim
→ݔ -∞
  Lim
→ݔ -∞

2௫ − 3 =

2ஶ − 3

∞

     2௫−3 =

2ିஶ − 3

   
1

2ஶ
⎯⎯⎯− 3

      0− 3

       −3

ݕ = 2௫ − 3 ݔ ݕ
−1 −

5
2
⎯⎯

0 −2
1 −1
2 1

−10 0ା

(−1,
1
2
⎯⎯)

(0,1)
(1,2)

(2,4)

ݕ:ܣܪ = −3

  Lim
∞→ݔ
  Lim
∞→ݔ

  Lim
→ݔ -∞
  Lim
→ݔ -∞
  Lim
→ݔ -∞

2௫ =

2ஶ

∞

2௫ =

2ିஶ
1

2ஶ
⎯⎯⎯

0

:ܣܪ ݕ = 0

ݔ   → ∞
2௫ → ∞ ݔ      → −∞

2ି௫ → 0

2ିଷ
1

2ଷ
⎯⎯⎯

ݕ = 2௫

ݔ ݕ
−1 1

2
⎯⎯

0 1
1 2
2 4

−10 0ା

2ିଵ =
1
2
⎯⎯

2଴ = 1 
2ଵ = 2

2ଶ = 4 

(−1,
1
2
⎯⎯)

(0,1)
(1,2)

(2,4)
  Lim
→ݔ 0ି

  Lim
→ݔ 0ା

2௫

20+

1

2௫
20−

1

#଴ = 1

Find HA

  Lim
∞→ݔ

2௫

ݔ
⎯⎯⎯=
2ஶ

∞
⎯⎯⎯

∞

  Lim
→ݔ -∞ 2ି௫

2ି(ିஶ)

2ஶ

∞
2ஶ > ∞

  Lim
∞→ݔ ݁௫ =

݁ஶ

∞

  Lim
→ݔ -∞ ݁௫ =

݁ିஶ
1
݁ஶ
⎯⎯⎯
1
∞
⎯⎯

0

݁ = 2.71

2ିଷ =
1

2ଷ
⎯⎯⎯

  Lim
→ݔ -∞

2௫

ݔ
⎯⎯⎯=
2ିஶ

∞
⎯⎯⎯⎯

     1
2ஶ⎯⎯⎯     
∞

⎯⎯⎯⎯⎯⎯⎯

      1
∞⎯⎯      
∞

⎯⎯⎯⎯⎯⎯⎯

       0

݁ஶ = ∞

2ିଷ =
1

2ଷ
⎯⎯⎯

C12 - 1.4 - Limits Exponential HA Notes
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  Lim
∞→ݔ

Find HA

sin ൬
1
ݔ
⎯⎯൰ =

1
∞
⎯⎯= 0

ݔ → ∞
1
ݔ
⎯⎯→ 0݊݅ݏ0

ߠ݊݅ݏ = 0ݕ

ߠ݊݅ݏ = ݕ
(0,-1)

1
ݕ

ݔ

(0,1)

(-1,0)

ߠݏ݋ܿ = ݔ

(1,0)

  Lim
∞→ݔ
  Lim
∞→ݔ

  Lim
∞→ݔ cos ൬

1
ݔ
⎯⎯൰ =

1
∞
⎯⎯= 0

ݔ → ∞
1
ݔ
⎯⎯→ 0ݏ݋0ܿ

ߠݏ݋ܿ = 1ݕ

  Lim
∞→ݔ
  Lim
∞→ݔ

ݕ = ݔݏ݋ܿ

Sine Graph Cosine Graph

ݕ = ݔ݊݅ݏ

C12 - 1.4 - Limits Trig HA Notes
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|ݔ| =

ݔ

0

Piecewise function: ݂(ݔ) = { ,ݔ    ݔ   ≥ 0
,ݔ− ݔ  < 0

Domain of 
positive case: 

Domain of 
negative case: 

ݔ ≥ 0 ݔ < 0
Set what is inside the 
absolute value greater 
than or equal to zero.

Set what is inside 
the absolute value 
less than zero.

  Lim
∞-→ݔ

  Lim
0ା→ݔ

  Lim
0ି→ݔ

|ݔ| =

ݔ

∞

|ݔ| =

ݔ−

0

|ݔ| =

ݔ−

  ∞

ݕ = ݔ− ݕ = ݔ

ݔ    → −∞
|ݔ| → ∞

ݔ    → ∞
|ݔ| → ∞

(ݔ)݂ = |ݔ|

|ݔ| + 2
⎯⎯⎯⎯⎯⎯|ݔ|

ݔ + 2
ݔ

⎯⎯⎯⎯⎯
ݔ
+⎯⎯ݔ

2
⎯⎯ݔ

ݔ
⎯⎯ݔ

⎯⎯⎯⎯⎯

1 + 2
⎯⎯ݔ

1
⎯⎯⎯⎯⎯

1 + 2
∞⎯⎯

1
⎯⎯⎯⎯⎯⎯
1 + 0

1
⎯⎯⎯⎯⎯

1

Find HA

  Lim
∞→ݔ
  Lim
∞→ݔ

  Lim
∞→ݔ

  Lim
∞→ݔ
  Lim
∞→ݔ

  Lim
∞→ݔ

  Lim
∞-→ݔ
  Lim
∞-→ݔ

  Lim
∞-→ݔ

  Lim
∞-→ݔ
  Lim
∞-→ݔ

|ݔ| + 2
⎯⎯⎯⎯⎯⎯|ݔ|

ݔ− + 2
ݔ−

⎯⎯⎯⎯⎯⎯⎯
ݔ−
+⎯⎯⎯ݔ 2

⎯⎯ݔ
ݔ−
⎯⎯⎯ݔ

⎯⎯⎯⎯⎯⎯⎯

−1 + 2
⎯⎯ݔ

−1
⎯⎯⎯⎯⎯⎯⎯

−1 + 2
∞⎯⎯

−1
⎯⎯⎯⎯⎯⎯⎯
−1 + 0
−1

⎯⎯⎯⎯⎯⎯⎯

1

ඥݔଶ
⎯⎯⎯ = |ݔ| = ݔ±

C12 - 1.4 - Limits Absolute Value HA Notes
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ݔ5
ଶݔ√ + 5⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯

ݔ5
⎯⎯⎯⎯ ⎯⎯⎯ଶݔ√

ଶݔ√ + 5⎯⎯⎯⎯⎯⎯ 

⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯ଶݔ√
⎯⎯⎯⎯⎯⎯⎯⎯

ݔ5
⎯⎯⎯|ݔ|

ටݔ
ଶ + 5
⎯⎯⎯⎯⎯⎯ଶݔ

⎯⎯⎯⎯⎯⎯
 
⎯⎯⎯⎯⎯⎯⎯⎯

ݔ5
⎯⎯⎯ݔ

ටݔ
ଶ + 5
⎯⎯⎯⎯⎯⎯ଶݔ

⎯⎯⎯⎯⎯⎯
 
⎯⎯⎯⎯⎯⎯⎯⎯

5

ට1 + 5
⎯⎯⎯ଶݔ

⎯⎯⎯⎯⎯⎯
 
⎯⎯⎯⎯⎯⎯⎯⎯

ଶݔ + 5
ଶݔ

⎯⎯⎯⎯⎯⎯
ଶݔ

ଶݔ
⎯⎯⎯+

5
ଶݔ
⎯⎯⎯

1 +
5
ଶݔ
⎯⎯⎯

ݔ5
ଶݔ√ + 5⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯

5

ට1 + 5
⎯⎯⎯ଶݔ

⎯⎯⎯⎯⎯⎯
 
⎯⎯⎯⎯⎯⎯⎯⎯

5

ට1 + 5
∞ଶ⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯
 
⎯⎯⎯⎯⎯⎯⎯⎯

5
√1 + 0⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯

5

  Lim
∞→ݔ

  Lim
∞→ݔ

  Lim
∞→ݔ

ݔ5
ଶݔ√ + 5⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯

−5

ට1 + 5
⎯⎯⎯ଶݔ

⎯⎯⎯⎯⎯⎯
 
⎯⎯⎯⎯⎯⎯⎯⎯

−5

ට1 + 5
∞ଶ⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯
 
⎯⎯⎯⎯⎯⎯⎯⎯

−5
√1 + 0⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯

−5

  Lim
→ݔ -∞

  Lim
→ݔ -∞

  Lim
→ݔ -∞

ݔ    → −∞
|ݔ| → ݔ   ݔ− → ∞

|ݔ| → ݔ

ඥݔଶ
⎯⎯⎯ = |ݔ| = ݔ±

ඥݔଶ
⎯⎯⎯ = |ݔ|

Separate 
Fractions

ݔ5
ଶݔ√ + 5⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯

ݔ5
⎯⎯⎯⎯ ⎯⎯⎯ଶݔ√

ଶݔ√ + 5⎯⎯⎯⎯⎯⎯ 

⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯ଶݔ√
⎯⎯⎯⎯⎯⎯⎯⎯

ݔ5
⎯⎯⎯|ݔ|

ටݔ
ଶ + 5
⎯⎯⎯⎯⎯⎯ଶݔ

⎯⎯⎯⎯⎯⎯
 
⎯⎯⎯⎯⎯⎯⎯⎯

ݔ5
⎯⎯⎯ݔ−

ටݔ
ଶ + 5
⎯⎯⎯⎯⎯⎯ଶݔ

⎯⎯⎯⎯⎯⎯
 
⎯⎯⎯⎯⎯⎯⎯⎯

−5

ට1 + 5
⎯⎯⎯ଶݔ

⎯⎯⎯⎯⎯⎯
 
⎯⎯⎯⎯⎯⎯⎯⎯

  Lim
∞→ݔ

  Lim
∞→ݔ

  Lim
∞→ݔ

ଶݔ√ +  ⎯⎯⎯⎯⎯⎯⎯ݔ3

ݔ
⎯⎯⎯⎯⎯⎯⎯⎯

ඨ1 +
3
ݔ
⎯⎯

⎯⎯⎯⎯⎯
 

ඨ1 +
3
∞
⎯⎯

⎯⎯⎯⎯⎯⎯
 

√1 + 0⎯⎯⎯⎯⎯ 

√1⎯⎯ 

1

ݔ = ඥݔଶ
⎯⎯⎯ 

ଶݔ + ݔ3
ଶݔ

⎯⎯⎯⎯⎯⎯⎯
ଶݔ

ଶݔ
⎯⎯⎯+

ݔ3
ଶݔ
⎯⎯⎯

1 +
3
ݔ
⎯⎯

ଶݔ√ +  ⎯⎯⎯⎯⎯⎯⎯ݔ3

ݔ
⎯⎯⎯⎯⎯⎯⎯⎯

ଶݔ√ +  ⎯⎯⎯⎯⎯⎯⎯ݔ3

⎯⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯ଶݔ√

ඨݔ
ଶ + ݔ3
ଶݔ

⎯⎯⎯⎯⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯
 

  Lim
∞→ݔ

  Lim
∞→ݔ

  Lim
∞→ݔ

   
ଶݔ3 + 4
ଶݔ1 − 1
⎯⎯⎯⎯⎯⎯⎯

ݔ3    
ଶ

⎯⎯⎯ଶݔ + 4
    ⎯⎯⎯ ଶݔ

ଶݔ
−⎯⎯⎯ଶݔ

1
⎯⎯⎯ଶݔ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

    3 + 4
    ⎯⎯⎯ଶݔ

1 − 1
⎯⎯⎯ଶݔ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

:ܣܪ ݕ = √3⎯⎯ 

ඨ3ݔଶ + 4
ଶݔ1 − 1
⎯⎯⎯⎯⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯
 

ඩ
3 + 4

⎯⎯⎯ଶݔ

1 − 1
⎯⎯⎯ଶݔ

⎯⎯⎯⎯⎯⎯

⎯⎯⎯⎯⎯⎯
 

ඩ
3 + 4

∞ଶ⎯⎯⎯

1 − 1
∞ଶ⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯
 

ඨ3 + 0
1 − 0
⎯⎯⎯⎯⎯

⎯⎯⎯⎯⎯
 

√3⎯⎯  

√⎯ܽ⎯ 

√⎯ܾ⎯ ⎯⎯⎯= ට
ܽ
ܾ
⎯⎯
⎯⎯

 

ܽ + ܾ
ܿ

⎯⎯⎯⎯⎯=
ܽ
ܿ
⎯⎯+

ܾ
ܿ
⎯⎯

Find HA

C12 - 1.4 - Limits Square Root HA Notes
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:݊݁ݒܧ

A horizontal flip over the y-
axis is same as original

(ݔ−)݂ = (ݔ)݂ ܱ݀݀: (ݔ−)݂ = (ݔ)݂−

A horizontal flip over the y-axis is 
same as a vertical flip over the x-axis. 

− ݏ݊݋݅ݐܿ݊ݑܨ ܱ݀݀ ݀݊ܽ ݊݁ݒܧ ݕݎݐ݁݉݉ݕܵ 

(ݔ)݂ = ଶݔ

(ݔ−)݂ = (ݔ)݂

ଶ(ݔ−)  = ଶݔ
ଶݔ         = ଶݔ

(ݔ)݂ = ଷݔ

(ݔ−)݂ = (ݔ)݂−

ଷ(ݔ−)  = (ଷݔ)−
ଷݔ−     = ଷݔ−

A Horizontal 
Flip Equal to a 
Vertical Flip!

If you put -x in 
for x and it’s 
the same as the 
original its even

If you put -x in for x 
and it’s the same as 
distributing a negative 
into the original its 
odd

ܱ݊݁ − ݋ݐ − ݊݋݅ݐܿ݊ݑܨ ܱ݁݊

݂(ܽ) ≠ ݂(ܾ)

 .݁ݑ݈ܽݒ ݕ ݕݎ݁ݒ݁ ݎ݋݂ ݁ݑ݈ܽݒ ݔ ݁݊݋ ݕ݈ܱ݊
H݈݅ܿ݊݁݌ ݎݑ݋ݕ ݊ݑܴ.ݐݏ݁ݐ ݈݁݊݅ ݈ܽܿ݅ݐݎܸ݁ ݀݊ܽ ݈ܽ݊݋ݖ݅ݎ݋ ℎݐ ݊ݓ݋݀ ݕ݈݈ܽ݊݋ݖ݅ݎ݋ℎ݁ ݁݃ܽ݌:
.݁ܿ݊݋ ℎ݌ܽݎ݃ ℎ݁ݐ ݐℎ݅ ݎ݁ݒ݁ ݕ݈݊݋ ݊ܽܿ ݈݅ܿ݊݁݌ ݎݑ݋ܻ

(ݔ)݂ = ଶݔ (ݔ)݂ = ଷݔ

ܱ݁݊ ݐ݋ܰ − ݋ݐ − ܱ݊݁

ܱ݊݁ − ݋ݐ − ܱ݊݁ Inverse is a 
Function

Every input has a different output

Inverse is One 
to One

Symmetric with 
respect to origin

C12 - 1.5 - Even Odd One to One Functions Notes
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ℎ (݉)

(ݏ) ݐ

ቀ ݒ
݉
ݏ
⎯⎯ቁ

ܽ ቀ
݉
ଶݏ
⎯⎯ቁ

(ݏ) ݐ

A ball is dropped of a 100 m cliff. Graph height, velocity and acceleration of the ball.

10 ݉

10

(ݏ) ݐ

݉ = ܽ = −9.8

−9.8

ݐ ݒ
0 0
1 −9.8
2 −19.6

ݐ ݀
0 100
1 10. ##
2 0.1#

݉ =
ଶݕ − ଵݕ
ଶݔ − ଵݔ
⎯⎯⎯⎯⎯⎯⎯

݉ =
−19.6 − (−9.8)

2− 1
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

݉ = −9.8
݉
ଶݏ
⎯⎯

2

2

2

݁ݏ݅ݎ = ݕ∆ = ݕ݀

݊ݑݎ = ݔ∆ = ݔ݀

݉ = ݁݌݋݈ݏ =
݁ݏ݅ݎ
݊ݑݎ
⎯⎯⎯⎯=

ݕ݀
ݔ݀
⎯⎯⎯

݉݅ܮ   
ݔ∆ → 0

݂ᇱ(ݔ) = ݉ =
ݕ∆
ݔ∆
⎯⎯⎯=

ݕ݀
ݔ݀
⎯⎯⎯= ᇱݕ = (ݔ)′݂

ݕ = ଶݔ

݉ = ݒ

݉ = ݇ݎ݆݁

C12 - 2.1 - Ball Drop hva vs t Notes
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݉ =
ଶݕ − ଵݕ
ଶݔ − ଵݔ
⎯⎯⎯⎯⎯⎯⎯

݉ =
ݔ)݂ + ℎ)− (ݔ)݂

ݔ + ℎ − ݔ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

݉ =
ݔ)݂ + ℎ)− (ݔ)݂

ℎ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

݂ᇱ(ݔ) =                   
ݔ)݂ + ℎ)− (ݔ)݂

ℎ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

  Lim
ℎ→ 0

 
ݔ) + ℎ)ଶ − (ଶݔ)

ℎ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

  Lim
ℎ→ 0

 
ଶݔ + ℎݔ2 + ℎଶ − ଶݔ

ℎ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

  Lim
ℎ→ 0

 
ℎݔ2 + ℎଶ

ℎ
⎯⎯⎯⎯⎯⎯⎯⎯

  Lim
ℎ→ 0  

ℎ(2ݔ + ℎ)
ℎ

⎯⎯⎯⎯⎯⎯⎯⎯⎯

  Lim
ℎ→ 0

ݔ2 + ℎ  Lim
ℎ→ 0

݂ᇱ(ݔ) = ݔ2     

݂ᇱ(1) =      2(1)

݂ᇱ(1) =      2 ݉ = 2

ݕ − ଵݕ = ݔ)݉ − (ଵݔ

ݕ − 1 = ݔ)2 − 1)

ݕ = ݔ2 − 2 + 1

ݕ = ݔ2 − 1

(1,1)

ݔ = 1

݁݊݅ܮ ݐ݊݁݃݊ܽܶ

ݐ݊݁݃݊ܽܶ ݂݋ ݁݌݋݈ܵ

݁ݒ݅ݐܽݒ݅ݎ݁ܦ ℎ݁ݐ ݂݋ ݊݋݅ݐ݂݅݊݅݁ܦ

ݔ ݐܽ ଶݔ ݋ݐ ݈݁݊݅ ݐ݊݁݃݊ܽݐ ℎ݁ݐ ݂݋ ݊݋݅ݐܽݑݍ݁ ℎ݁ݐ ݀݊݅ܨ = 1. 

݁݌݋݈ܵ

(ݔ)݂         = ଶݔ
ݔ)݂ + ℎ) = ݔ) + ℎ)ଶ

Foil

Simplify

Factor, Simplify

Substitute

ݕ = ଶݔ
ݕ = (1)ଶ
ݕ = 1 (1,1)

ݔ

ℎ

ݔ + ℎ

((ݔ)݂,ݔ)

ݔ) + ℎ,݂(ݔ + ℎ))

݁݊݅ܮ ݐ݊ܽܿ݁ܵ

݁݊݅ܮ ݐ݊݁݃݊ܽܶ

((ݔ)݂,ݔ)

ݕ  = ଶݔ
ᇱݕ = ݔ2

݉ = 2(1)

݉ = 2

Power Rule

C12 - 2.2 - Definition of Derivative Equation Graph Notes
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(ݔ)݂ = ݔ ݐܽ ଶݔ ݋ݐ ݈݁݊݅ ݐ݊݁݃݊ܽݐ ℎ݁ݐ ݂݋ ݊݋݅ݐܽݑݍ݁ ℎ݁ݐ ݀݊݅ܨଶݔ = 1. 

 
݂(ܽ + ℎ)− ݂(ܽ)

ℎ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯  Lim

ℎ→ 0

݂(1 + ℎ)− ݂(1)
ℎ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
(1 + ℎ)ଶ − (1)ଶ

ℎ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
1 + 2ℎ + ℎଶ − 1

ℎ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

        
2ℎ + ℎଶ

ℎ
⎯⎯⎯⎯⎯⎯⎯

      
ℎ(2 + ℎ)

ℎ
⎯⎯⎯⎯⎯⎯⎯⎯

           2 + ℎ

           2 + 0

               2

ܽ = 1

  Lim
ℎ→ 0
  Lim
ℎ→ 0
  Lim
ℎ→ 0
  Lim
ℎ→ 0
  Lim
ℎ→ 0
  Lim
ℎ→ 0

ݕ − ଵݕ = ݔ)݉ − (ଵݔ
ݕ   − 1 = ݔ)2 − 1)

ݕ           = ݔ2 − 1

݂(1) = 1

x y
1 1

݉ = ݂ᇱ(1) =

(1,1)

݉ = ݂ᇱ(1) =

݉ =  ݂ᇱ(ܽ) =

݉ =
ଶݕ − ଵݕ
ଶݔ − ଵݔ
⎯⎯⎯⎯⎯⎯⎯

 
(ݔ)݂ − ݂(ܽ)

ݔ − ܽ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯  Lim

→ݔ ܽ
݉ =  ݂ᇱ(ܽ) =

  Lim
→ݔ 1
  Lim
→ݔ 1
  Lim
→ݔ 1
  Lim
→ݔ 1

     
ଶݔ − ݂(1)
ݔ − 1

⎯⎯⎯⎯⎯⎯⎯⎯⎯

        
ଶݔ − 1
ݔ − 1
⎯⎯⎯⎯⎯⎯

ݔ) + ݔ)(1 − 1)
ݔ) − 1)

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ݔ  + 1

 1 + 1

    2

݉ =  ݂ᇱ(1) =

ݔ

ℎ

ݔ + ℎ

((ݔ)݂,ݔ)

ݔ) + ℎ,݂(ݔ + ℎ))

݁݊݅ܮ ݐ݊ܽܿ݁ܵ

݁݊݅ܮ ݐ݊݁݃݊ܽܶ

݉ = ݂ᇱ(1) =

C12 - 2.2 - Derivative Formula 1,2
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ݕ   = 2

ᇱݕ = 0

ݕ  = ݔ3

ᇱݕ = 3

ݕ   = ݔ3 + ݔ2
ᇱݕ = 3 + 2

ᇱݕ = 5

ݕ  = ݔ1

ᇱݕ = 1

ݕ   = ௡ݔ
ᇱݕ = ௡ିଵݔ݊

Power Rule ݕ  = ଶݔ
ᇱݕ = ଶିଵݔ2

ᇱݕ = ݔ2

ݕ  = ଷݔ
ݕ݀
ݔ݀
⎯⎯⎯= ଷିଵݔ3

ݕ݀
ݔ݀
⎯⎯⎯= ଶݔ3

(ݔ)݂  = ଷݔ2
(ݔ)′݂ = 3 × ଷିଵݔ2

(ݔ)′݂ = ଶݔ6

ݕ    = (ݔ)݃(ݔ)݂
ᇱݕ = ݂ᇱ(ݔ)݃(ݔ) + ݃ᇱ(ݔ)݂(ݔ) 

Product Rule

Quotient Rule

ݕ    =
(ݔ)݂
⎯⎯⎯⎯(ݔ)݃

ᇱݕ =
 ݂ᇱ(ݔ)݃(ݔ) − ݃ᇱ(ݔ)݂(ݔ) 

ଶ(ݔ)݃
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ݕ = ݒݑ
′ݕ = ݒ′ݑ + ݑ′ݒ

ݕ =
ݑ
ݒ
⎯⎯

′ݕ =
ݒᇱݑ − ݑᇱݒ

ଶݒ
⎯⎯⎯⎯⎯⎯⎯⎯⎯

Chain Rule

ݕ   = ݂൫݃(ݔ)൯
′ݕ = ݂ᇱ(݃(ݔ))(݃ᇱ(ݔ))

ݕ = ݔ2) + ݔ3)(1 − 2)
ᇱݕ = ݔ3)2 − 2) + ݔ2)3 + 1)
ᇱݕ = ݔ6 − 4 + ݔ6 + 3
ᇱݕ = ݔ12 − 1

ݕ =
ଶݔ

ݔ2 + 1
⎯⎯⎯⎯⎯⎯

ᇱݕ =
ݔ2)ݔ2 + 1) − (ଶݔ)2

ݔ2) + 1)ଶ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ᇱݕ =
ଶݔ4 + ݔ2 − ଶݔ2

ݔ2) + 1)ଶ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ᇱݕ =
ଶݔ2 + ݔ2
ݔ2) + 1)ଶ⎯⎯⎯⎯⎯⎯⎯⎯⎯

ݕ = ݔ3) + 1)଻
ᇱݕ = ݔ3)7 + 1)଻ିଵ × 3
ᇱݕ = ݔ3)21 + 1)଺

ݕ  = 2
ݕ  = ଴ݔ2
ᇱݕ = 0 × ଵିݔ2

ݕ  = 0

ݕ  = ݔ3
ݕ  = ଵݔ3
ᇱݕ = ଴ݔ3

ᇱݕ = 3

ݕ  = ଻ݔ
ᇱݕ = ଺ݔ7 × 1

ݕ = 3ଶ
ᇱݕ = 0

ᇱݕ =
ݕ݀
ݔ݀
⎯⎯⎯= (ݔ)′݂

ݕ  =
1
ଶݔ
⎯⎯⎯

ݕ  = ଶିݔ
ᇱݕ = ଷିݔ2−

ᇱݕ = −
2
ଷݔ
⎯⎯⎯

ݕ  = ݔ3 + ݔ2
ݕ  = ݔ5
ᇱݕ = 5

ݕ = ݔ2) + ݔ3)(1 − 2)
ᇱݕ = ଶݔ6 − ݔ − 2
ᇱݕ = ݔ12 − 1

2ିଷ =
1

2ଷ
⎯⎯

଴ݔ = 1

ݕ =
ଶݔ + ଷݔ3

ݔ
⎯⎯⎯⎯⎯⎯⎯⎯

ݕ =
ଶݔ

ݔ
⎯⎯⎯+

ଷݔ3

ݔ
⎯⎯⎯

ݕ = ݔ + ଶݔ3
ᇱݕ = 1 + ݔ6

ݕ =  ⎯⎯ݔ√

ݕ = ݔ
ଵ
ଶ⎯⎯

ᇱݕ =
1
2
ିݔ⎯⎯

ଵ
ଶ⎯⎯

ᇱݕ =
1

ݔ2
ଵ
ଶ⎯⎯

⎯⎯⎯

ᇱݕ =
1

⎯⎯⎯⎯ ⎯⎯ݔ√2

ݕ =  ⎯⎯⎯ݔ3√

ݕ = (ݔ3)
ଵ
ଶ⎯⎯

ᇱݕ =
1
ି(ݔ3)⎯⎯2

ଵ
ଶ⎯⎯× 3

ᇱݕ =
3

(ݔ3)2
ଵ
ଶ⎯⎯

⎯⎯⎯⎯⎯⎯

ᇱݕ =
3

⎯⎯⎯⎯⎯ ⎯⎯⎯ݔ3√2

ݕ = ݔ
ଷ
ଶ⎯⎯

ᇱݕ =
3
2
ݔ⎯⎯

ଵ
ଶ⎯⎯

3
2⎯⎯− 1 =

1
2⎯⎯

= ⎯⎯ݔ√ ݔ
ଵ
ଶ⎯⎯

ඥݔଶ
⎯⎯⎯య = ݔ

ଶ
ଷ⎯⎯

Constant/Sum
Function Rule

ݕ  = ܿ
ᇱݕ = 0

ݕ  = (ݔ)݂ܿ
ᇱݕ = ݂ܿᇱ(ݔ)

Separate Fractions

Chain
Rule

Chain Rule Chain Rule

ݕ = ඥ݂(ݔ)⎯⎯⎯⎯ 

ݕ = ൫݂(ݔ)൯
ଵ
ଶ⎯⎯

ᇱݕ =
1
2⎯⎯݂

ᇱ(ݔ)ି
ଵ
ଶ⎯⎯ × ݂ᇱ(ݔ)

ᇱݕ =
݂ᇱ(ݔ)

2ඥ݂(ݔ)⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯

C12 - 2.3 - Poly/Rational Root Derivative Laws Notes
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ݕ = ݁௫
ᇱݕ = ݁௫݈݊݁

ᇱݕ = ݁௫

ݕ = ݔ݈݊

ᇱݕ =
1

݈݁݊ݔ
⎯⎯⎯⎯

ᇱݕ =
1
ݔ
⎯⎯

ݕ = ݁ଶ௫
ᇱݕ = ݁ଶ௫ × 2

ᇱݕ = 2݁ଶ௫

ݕ = ݔ2݈݊

ᇱݕ =
1
ݔ
⎯⎯× 2

ᇱݕ =
2
ݔ
⎯⎯

ݕ = 5ଷ௫
ᇱݕ = 5ଷ௫݈݊5 × 3

ᇱݕ = 3(5)ଷ௫݈݊5

ݕ = 2௫

ᇱݕ = 2௫݈݊2

݈݊݁ = 1

ݕ = logହ ݔ

ᇱݕ =
1

5݈݊ݔ
⎯⎯⎯⎯

ݕ = log଻ ଶݔ

ᇱݕ =
1

ଶ݈݊7ݔ
⎯⎯⎯⎯⎯× ݔ2

ᇱݕ =
2

7݈݊ݔ
⎯⎯⎯⎯

ݕ = ln(݈݊ݔ)

ᇱݕ =
1
ݔ݈݊
⎯⎯⎯×

1
ݔ
⎯⎯

ᇱݕ =
1

ݔ݈݊ݔ
⎯⎯⎯⎯

ݕ = ln(ݔଶ)

ᇱݕ =
1
ଶݔ
⎯⎯⎯× ݔ2

ᇱݕ =
2
ݔ
⎯⎯

ݕ = ଶ(ݔ݈݊)

ݕ = (ݔ݈݊)2 ×
1
ݔ
⎯⎯

ݕ =
ݔ2݈݊
ݔ

⎯⎯⎯⎯

ݕ = ݔ݈݊ݔ

ᇱݕ = (ݔ݈݊)1 +
1
ݔ
⎯⎯× ݔ

ᇱݕ = ݔ݈݊ + 1

         ࢟ = ࢞࢞
ݕ݈݊      = ௫ݔ݈݊
ݕ݈݊      = ݔ݈݊ݔ
1
ݕ
⎯⎯× ᇱݕ = (ݔ݈݊)1 +

1
ݔ
⎯⎯× ݔ

        
′ݕ
ݕ
⎯⎯= ݔ݈݊ + 1

=ᇱݕ          ݔ݈݊]ݕ + 1]

ᇱݕ         = ݔ݈݊)௫ݔ + 1)

ݕ = ݔ݈݊

ᇱݕ =
1
ݔ
⎯⎯× ᇱݔ

ᇱݕ =
′ݔ
ݔ
⎯⎯

ݕ = ln (
ݔ + 1
ݔ − 1
⎯⎯⎯⎯⎯)

ݕ = ln(ݔ + 1) − ln(ݔ − 1)

ᇱݕ =
1

ݔ + 1
⎯⎯⎯⎯⎯−

1
ݔ − 1
⎯⎯⎯⎯⎯

ᇱݕ = −
2

ݔ) + ݔ)(1 − 1)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ݕ = ln ൬
ݔ + 1
ݔ − 1
⎯⎯⎯⎯⎯൰

ᇱݕ =
1

ቀݔ + 1
ݔ − 1⎯⎯⎯⎯⎯ቁ
⎯⎯⎯⎯⎯⎯⎯×

ݔ)1 − 1) − ݔ)1 + 1)
ݔ) − 1)ଶ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ᇱݕ =
ݔ − 1
ݔ + 1
⎯⎯⎯⎯⎯× −

2
ݔ) − 1)ଶ⎯⎯⎯⎯⎯⎯⎯⎯

ᇱݕ = −
2

ݔ) + ݔ)(1 − 1)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

݀
ݔ݀
ݕ݈݊⎯⎯⎯ =

1
ݕ
⎯⎯× ᇱݕ

݀
ݔ݀
ݕ݈݊⎯⎯⎯ =

′ݕ
ݕ
⎯⎯

This quotient is hard

 y = ln(1 + (ଶݔ

ᇱݕ =
1

1 + ଶݔ
⎯⎯⎯⎯⎯⎯× ݔ2

ᇱݕ =
ݔ2

1 + ଶݔ
⎯⎯⎯⎯⎯⎯

 y = ln(݂(ݔ))

ᇱݕ =
(ݔ)′݂
(ݔ)݂
⎯⎯⎯⎯⎯

ݏ݁݀݅ݏ ℎݐ݋ܾ ݊ܮ

ݕ = ௫ݔ

ݕ     =
ݔ + 1
ݔ − 1
⎯⎯⎯⎯⎯

ݕ݈݊ = ݈݊
ݔ + 1
ݔ − 1
⎯⎯⎯⎯⎯ ln ݏ݁݀݅ݏ ℎݐ݋ܾ

Nobody would ln this

ݕ =
ݔ2) + 1)ଶ

ݔ) + 2)ଷ⎯⎯⎯⎯⎯⎯⎯⎯⎯

ݕ݈݊ = ݈݊
ݔ2) + 1)ଶ

ݔ) + 2)ଷ⎯⎯⎯⎯⎯⎯⎯⎯⎯

ݕ݈݊ = ln(2ݔ + 1)ଶ − ln(ݔ + 2)ଷ
ݕ݈݊ = 2ln (2ݔ + 1) − 3ln (ݔ + 2)
ᇱݕ

ݕ
⎯⎯= 2 ×

1
ݔ2 + 1
⎯⎯⎯⎯⎯⎯× 2 − 3 ×

1
ݔ + 2
⎯⎯⎯⎯⎯

ᇱݕ = ݕ ൬2 ×
1

ݔ2 + 1
⎯⎯⎯⎯⎯⎯× 2 − 3 ×

1
ݔ + 2
⎯⎯⎯⎯⎯൰

ᇱݕ = ቆ
ݔ2) + 1)ଶ

ݔ) + 2)ଷ⎯⎯⎯⎯⎯⎯⎯⎯⎯ቇ൬2 ×
1

ݔ2 + 1
⎯⎯⎯⎯⎯⎯× 2− 3 ×

1
ݔ + 2
⎯⎯⎯⎯⎯൰

C12 - 2.4 - Exponential Ln Derivatives
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ଶݕݔ                          = 2
(ଶݕ)1 + (ݔ)ᇱݕݕ2 = 0
ଶݕ           + ᇱݕݕݔ2 = 0
ᇱݕݕݔ2                     = ଶݕ−

=ᇱݕ                             
ଶݕ−

ݕݔ2
⎯⎯⎯⎯

=ଶݕ                   ݕݔ
ᇱݕݕ2             = (ݕ)1) + ((ݔ)ᇱݕ
ᇱݕݕ2             = ݕ + ᇱݕݔ
ᇱݕݕ2 − ᇱݕݔ = ݕ
ݕᇱ(2ݕ  − (ݔ = ݕ

=ᇱݕ                   
ݕ

ݕ2 − ݔ
⎯⎯⎯⎯⎯⎯

Combine Like Terms
GCF = ݕ′

ݕ                = ݕݔ
ᇱݕ               = (ݕ)1 + (ݔ)ᇱݕ
=ᇱݕ                ݕ + ᇱݕݔ
ᇱݕ   − ᇱݕݔ = ݕ
−ᇱ(1ݕ (ݔ = ݕ

ᇱݕ               =
ݕ

1− ݔ
⎯⎯⎯⎯⎯

Implicit Functions: Hard or impossible to solve for ݕ

݀
ݔ݀
ଷݔ⎯⎯⎯

ଶݔ3 ×
ݔ݀
ݔ݀
⎯⎯⎯

ଶݔ3 × 1
ଶݔ3

݀
ݔ݀
ଷݕ⎯⎯⎯

ଶݕ3 ×
ݕ݀
ݔ݀
⎯⎯⎯

ଶݕ3 × ᇱݕ
′ݕଶݕ3

Chain Rule Chain Rule

Product Rule

Power/Chain Rule

Power/Product/Chain Rule

݀
ݔ݀
ݕ⎯⎯⎯ =

݀
ݔ݀
ଷݔ⎯⎯⎯ =

ݕ݀
ݔ݀
⎯⎯⎯= ᇱݕ = ଶݔ3

ݕ = (ݔ)݂

ݔ݀
ݔ݀
⎯⎯⎯= 1 ᇱݕ =

ݕ݀
ݔ݀
⎯⎯⎯

݀
ݔ݀
ݔ⎯⎯⎯ = 1

ଶݔ                             + ݕݔ + ଶݕ = 9
ݔ2 + ൫1(ݕ) + +൯(ݔ)ᇱݕ ᇱݕݕ2 = 0
ݔ2               + ݕ + ᇱݕݔ + ᇱݕݕ2 = 0
ᇱݕݔ                                 + ᇱݕݕ2 = ݔ2− − ݕ
ݔ)ᇱݕ                                 + (ݕ2 = ݔ2− − ݕ

ᇱݕ                                                  =
ݔ2− − ݕ
ݔ + ݕ2
⎯⎯⎯⎯⎯⎯⎯

ᇱݕ                                                  = −
ݔ2 + ݕ
ݔ + ݕ2
⎯⎯⎯⎯⎯⎯

ଶݕ      = ݔ
ᇱݕݕ2 = 1

ᇱݕ      =
1
ݕ2
⎯⎯⎯

ଶݔ      + ଶݕ = 9
ݔ2 + ᇱݕݕ2 = 0
ᇱݕݕ2           = ݔ2−

ᇱݕ                = −
ݔ
ݕ
⎯⎯

ଶݔ + ଶݕ = 9
ݕ             = ±ඥ9− ଶݔ

⎯⎯⎯⎯⎯⎯ 

Implicit Differentiation. (Don’t forget y')

Take Derivative
Combine primes on one side
Everything else on the other side
Factor out y prime
Divide both sides
Sometimes sub y and or y' back in
Possibly sub (x,y) before isolating
Slope/Eq of Tan, don’t need to isolate y'

ݕݔ2
2൫1(ݕ) + ൯(ݔ)ᇱݕ
ݕ2 + ݔᇱݕ2

ݕݔ2
ݕ2 + ݔᇱ2ݕ
ݕ2 + ݔᇱݕ2

ݕݔ             = 0
ݕ1 + ݔᇱݕ = 0
ݔᇱݕ           = ݕ−
ᇱݕ             = −

ݕ
ݔ
⎯⎯

ݕݔ−      
+ݕ1)− (ݔᇱݕ
ݕ− − ݔᇱݕ

ݕݔ−      
+ݕ1− (ݔ−)ᇱݕ
ݕ− − ݔᇱݕ

ݔ2 = ݕ3
  2 = ᇱݕ3

ݕݔ             = 0
ݕ1 + ݔᇱݕ = 0
ݔᇱݕ            = ݕ−
ᇱݕ              = −

ݕ
ݔ
⎯⎯

C12 - 2.5 - Implicit Differentiation Notes
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ݕ   = ݔ݊݅ݏ

′ݕ = ݔݏ݋ܿ

ݕ   = ݔݏ݋ܿ

ᇱݕ = ݔ݊݅ݏ−

ݕ   = ݔܿ݁ݏ

ᇱݕ = ݔ݊ܽݐݔܿ݁ݏ

ݕ   = ݔܿݏܿ

′ݕ = ݔݐ݋ܿݔܿݏܿ−

ݕ   = ݔ݊ܽݐ

ᇱݕ = secଶ ݔ

ݕ   = ݔݐ݋ܿ

ᇱݕ = − cscଶ ݔ

ݕ  = sinଶ ݔ
ݕ = ଶ(ݔ݊݅ݏ)
ᇱݕ = ݔ݊݅ݏ2 × ݔݏ݋ܿ
ᇱݕ = ݔݏ݋ܿݔ݊݅ݏ2

ᇱݕ = ݔ2݊݅ݏ

ݕ = ݔ݊݅ݏݔ

ᇱݕ = ݔ݊݅ݏ1 + ݔݏ݋ܿݔ

ݕ =
ݔ݊݅ݏ
ݔݏ݋ܿ
⎯⎯⎯⎯

ᇱݕ =
ݔݏ݋ܿݔݏ݋ܿ − ݔ݊݅ݏݔ݊݅ݏ−

cosଶ ݔ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ᇱݕ =
sinଶ ݔ + cosଶ  ݔ

cosଶ ݔ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ᇱݕ =
1

cosଶ ݔ
⎯⎯⎯⎯⎯⎯

ᇱݕ = secଶ  ݔ

ݕ = ଶݔ݊݅ݏ
ᇱݕ = ଶݔݏ݋ܿ × ݔ2

ᇱݕ = ଶݔݏ݋ܿݔ2

ݕ = ݕݔ݊݅ݏ

ᇱݕ = ݕ1)ݕݔݏ݋ܿ + (ݔᇱݕ

ݕ   = ݔ2݊݅ݏ
ᇱݕ = ݔ2ݏ݋ܿ × 2

ᇱݕ = ݔ2ݏ݋2ܿ

ݕ = ݔ2݊݅ݏ
ݕ = ݔݏ݋ܿݔ݊݅ݏ2
′ݕ = 2൫ܿݔݏ݋ܿݔݏ݋ + ൯(ݔ݊݅ݏݔ݊݅ݏ−)
′ݕ = 2(cosଶ ݔ − sinଶ (ݔ

′ݕ = ݔ2ݏ݋2ܿ

C12 - 2.6 - Trig Derivative Laws Notes
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ݕ = ଶݔ Tangent Line
ݔ ݐܽ ݈݁݊݅ ݐ݊݁݃݊ܽݐ ℎ݁ݐ݂݋ ݊݋݅ݐܽݑݍ݁ ℎ݁ݐ ݀݊݅ܨ = 2

ݕ  = ଶݔ
ᇱݕ = ݔ2

݉ = 2(2)

݉ = 4

ݕ = ଶݔ
ݕ = (2)ଶ

ݕ = 4 (2,4)

ݕ − ଵݕ = ݔ)݉ − (ଵݔ

ݕ   − 4 = ݔ)4 − 2)

ݕ   − 4 = ݔ4 − 8
ݕ           = ݔ4 − 8 + 4

ݕ           = ݔ4 − 4

Equation of Tangent Line

DERIVATIVE - Take the derivative 
of the equation
SLOPE - Substitute the X value of 
the point into the derivative to 
find the slope value
Y - VALUE - Substitute the X/Y 
value back into the original 
equation to figure out the Y/X 
value
EQUATION - Write down the 
equation in slope point form or 
y=mx+b or general form

ݕ = ݔ݉ + ܾ
ݕ = ݔ4 + ܾ
4 = 4(2) + ܾ
ܾ = −4

ݕ = ݔ4 − 4

Eq of Tan

Derivative
݂ᇱ(ܽ) = ݁݌݋݈ݏ
ݕ) − (݁ݑ݈ܽݒ
݊݋݅ݐܽݑݍܧ ݐ݊݁݃݊ܽܶ

ݔ4 − ݕ − 4 = 0

Find the equation of the tangent line to ݕ = ݕ ଶ line parallel toݔ = ݔ − 4

ݕ = ݔ − 4 ݕ = ݔ݉ + ݕ ܾ = ଶݔ
ᇱݕ = ݔ2

ݔ2 = 1

ݔ   =
1
2
⎯⎯

݉ = 1

ݕ = ଶݔ

ݕ = ൬
1
2
⎯⎯൰

ଶ

ݕ =
1
4
⎯⎯

ݕ − ଵݕ = ݔ)݉ − (ଵݔ

ݕ −
1
4
⎯⎯= ݔ)1 −

1
2
⎯⎯)

Find the equation of the horizontal tangent line to ݕ = ଶݔ  

ݕ  = ଶݔ
ᇱݕ = ݔ2

݉ = 0 ݔ2 = 0
ݔ = 0

ݕ = ଶݔ
ݕ = (0)ଶ
ݕ = 0

ݕ = 0

Perpendicular 

݉ = −
1
݉
⎯⎯

C12 - 2.7 - Eq of Tan Notes
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ݕ =  ⎯⎯ݔ√2

ᇱݕ = 2 ×
1
2
ቀିݔ⎯⎯

ଵ
ଶ⎯⎯ቁ

ᇱݕ =
1
⎯⎯⎯ ⎯⎯ݔ√

݉⏊ =  ⎯⎯ݔ√−

݉⏊ = −√4⎯⎯ 

݉⏊ = −2

          ݉ =
ଶݕ − ଵݕ
ଶݔ − ଵݔ
⎯⎯⎯⎯⎯⎯⎯

= ⎯⎯ݔ√−     
− ⎯⎯ݔ√2 0
ݔ − 6
⎯⎯⎯⎯⎯⎯⎯

ݔ− + 6 =
 ⎯⎯ݔ√2

⎯⎯⎯⎯ ⎯⎯ݔ√

ݔ− + 6 = 2

ݔ           = 4

ݕ =   ⎯⎯ݔ√2

(4,4)

(6,0)

ଶݕ =   ⎯⎯ݔ√2

ݕ − 4 = ݔ)2− − 4)

ݕ         = ݔ2− + 12

ݕ − 0 = ݔ)2− − 6)

ݕ         = ݔ2− + 12

ݔ2 + ݕ − 12 = 0

݉⏊ = −
1
݉
⎯⎯

= ݁ݒ݅ݐܽݒ݅ݎ݁ܦ ݁݌݋݈ܵ 

(ଵݕ,ଵݔ)
  (6,0)

 ݐ݊݅݋݌ ݎ݋݅ݎ݁ݐݔ݁ ℎ݁ݐ ݋ݐ ݐ݊݁݃݊ܽܶ (ݏ)݊݋݅ݐܽݑݍ݁ ݀݊ܽ ℎ݌ܽݎ݃ ℎ݁ݐ ݊݋ (ݏ)ݐ݊݅݋݌ ℎ݁ݐ ݀݊݅ܨ

(0,−1)

ݕ   = ଶݔ
ᇱݕ = ݔ2 ݉ =

ଶݕ − ଵݕ
ଶݔ − ଵݔ
⎯⎯⎯⎯⎯⎯⎯

=ᇱݕ     ݉

ݔ2   =
ݕ − (−1)
ݔ − 0

⎯⎯⎯⎯⎯⎯⎯⎯

ݔ2   =
ଶݔ + 1
ݔ

⎯⎯⎯⎯⎯⎯

ଶݔ2 = ଶݔ + 1
ଶݔ   = 1
ݔ     = ±1

(ଵݕ,ଵݔ)

ଶݕ = ଶݔ

(−1,1) (1,1)

ݕ = ଶݔ

,ݔ) (ݕ,ݔ)(ଶݔ

ݕ = ଶݔ

Find the point on the graph closest to the point (6,0) and 
Equation through both points.

(0,−1)
(ଵݕ,ଵݔ)

ݕ = ଶݔ
ݕ = (1)ଶ
ݕ = 1

ݕ = ଶݔ
ݕ = (−1)ଶ
ݕ = 1

ݕ − 1 = ݔ)2 − 1)

ݕ = ଶݔ
ᇱݕ = ݔ2
݉ = (ݔ)2
݉ = 2(1)
݉ = 2

ݕ = ଶݔ
ᇱݕ = ݔ2
݉ = (ݔ)2
݉ = 2(−1)
݉ = −2

ݕ − 1 = ݔ)2− + 1)

Or find the 
minimum 
distance.

ݔ ≠ 0

Or Polynomial Factoring

C12 - 2.8 - Perp/Tan Eq to Ext Point Notes
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sinିଵ ൬−
1
2
⎯⎯൰ = ? ߠ݊݅ݏ = −

1
2
⎯⎯

ߠ       = sinିଵ(
1
2
⎯⎯)

√3⎯⎯ 

2

ߨ
6

ߨ
3

1

ߠ = −
π
6
⎯⎯

0 , ߨߨ2

ܵܣ

ܶ ܥ

cosିଵ(−
1
√2⎯⎯ ⎯⎯⎯) = ?

0 , ߨߨ2

ܵܣ

ܶ ܥ

ߠ =
ߨ3
4
⎯⎯⎯

ߠݏ݋ܿ = −
1
√2⎯⎯ ⎯⎯⎯

1

1

√2⎯⎯ 

ߨ   
     4

ߨ  
    4

ݕ = ݔ݊݅ݏ ݕ = sinିଵ ݔ −
π
2
⎯⎯≤ ݕ ≤

π
2
⎯⎯

Function

Reject

ߨ
6

ߨ
4
⎯⎯

Reject

ߨ3
4
⎯⎯⎯

12

√3⎯⎯ 

ݕ = ݔݏ݋ܿ ݕ = cosିଵ ݔ 0 ≤ ݕ ≤ ߨ

RangeFunction

tanିଵ(√3⎯⎯ ) = ? ߠ݊ܽݐ = √3⎯⎯ 

0 , ߨߨ2

ܵܣ

ܶ ܥ

√3⎯⎯ 

2

ߨ
6

ߨ
3

1

ݕ = ݔ݊ܽݐ ݕ = tanିଵ ݔ

Function

−
π
2
⎯⎯≤ ݕ ≤

π
2
⎯⎯

Reject

√3⎯⎯ 

1

2

π
3
⎯⎯

ߠ =
ߨ
3
⎯⎯

Range

Range

C12 - 2.9 - Inverse Trig Notes
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݂ିଵ(9) = 2

(݂ିଵ)ᇱ(ݔ) =
1

݂ᇱ(݂ିଵ(ݔ))⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

                         ݂ିଵ൫݂(ݔ)൯ = ݔ
݂ᇱ൫݂ିଵ(ݔ)൯ × (݂ିଵ)′(ݔ) = 1

                           (݂ିଵ)ᇱ(ݔ) =
1

݂ᇱ(݂ିଵ(ݔ))⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

(2,9)

݂(2) = 9

(ݔ)݂ = ଷݔ + 1

݂ିଵ൫݂(ݔ)൯ = ݔ

Definition of Inverse

Inverse Derivative
Formula Proof

݂൫݃(ݔ)൯ = ݔ

(ݔ)݃ = ݂ିଵ(ݔ)

(݂ିଵ)ᇱ(9) = ?

(݂ିଵ)ᇱ(9) =
1

݂ᇱ(݂ିଵ(9))⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

                    =
1

݂ᇱ(2)⎯⎯⎯⎯⎯

                    =
1

12
⎯⎯⎯

ݕ   = ଷݔ + 1
  9 = ଷݔ + 1
ଷݔ = 8
ݔ    = 2

(ݔ)݂  = ଷݔ + 1
(ݔ)′݂ = ଶݔ3

ߠ݊݅ݏ =
݋
ℎ
⎯⎯

      θ = sinିଵ ቀ
݋
ℎ
⎯⎯ቁ

݂ିଵ(ݕ) = ݔ

(ݔ)′݂ = ଶݔ3
݂′(2) = 3(2)ଶ
݂′(2) = 12

Derivative

Inverse Notation

݂൫݂ିଵ(ݔ)൯ = ݔ

(ݔ)݂      = ଷݔ + 1
ݕ            = ଷݔ + 1
ݔ            = ଷݕ + 1
ݕ            = ݔ√ − 1⎯⎯⎯⎯⎯య

݂ିଵ(ݔ) = ݔ√ − 1⎯⎯⎯⎯⎯య

     ݂ିଵ(ݔ) = ݔ√ − 1⎯⎯⎯⎯⎯య

(݂ିଵ)′(ݔ) =
1

3ඥ(ݔ − 1)ଶ⎯⎯⎯⎯⎯⎯⎯⎯య⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

(݂ିଵ)ᇱ(9) =
1

3ඥ(9 − 1)ଶ⎯⎯⎯⎯⎯⎯⎯⎯య⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

                   =
1

12
⎯⎯⎯

Means

Find the Derivative of the Inverse at ݕ = 9

Find the ݔ value when ݕ = 9

Take Derivative and Substitute 2 in for ݔ

݀
ݔ݀
⎯⎯⎯݂ ିଵ(ݔ) =

1
݂′(݂ିଵ(ݔ))
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

One over the putting the 
inverse into the derivative.C12 - 2.10 - Inverse Derivatives Notes
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݉ݑ݉݅ݔܽܯ ݁ݐݑ݈݋ݏܾܣ

݉ݑ݉݅݊݅ܯ ݁ݐݑ݈݋ݏܾܣ

݉ݑ݉݅݊݅ܯ ݈ܽܿ݋ܮ

!ݎℎ݁ݐ݅݁ܰ ݎܱ    

݉ݑ݉݅ݔܽܯ ݈ܽܿ݋ܮ݉ݑ݉݅ݔܽܯ ݈ܽܿ݋ܮ

݉ݑ݉݅݊݅ܯ ݁ݐݑ݈݋ݏܾܣ

݉ݑ݉݅ݔܽܯ ݁ݐݑ݈݋ݏܾܣ

݉ݑ݉݅݊݅ܯ ݈ܽܿ݋ܮ

C12 - 3.1 - Absolute/Local Max/Min Notes
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Find the critical points. Find the 1st derivative and set it equal to zero. Draw a graph and show the location 
of the horizontal slopes. Identify any maximums or Minimums and Intervals of Increase or Decrease.

ݕ     = ଷݔ − ݔ12
=ᇱݕ     ଶݔ3 − 12
     0 = ଶݔ3 − 12
ଶݔ3 = 12
=ଶݔ     4

ݔ      = ±2

Find the 1st Derivative
Set the Derivative equal to Zero

Solve: Critical Values

(2,−16)

Prove the 1st derivative is positive to the left of -2. Negative between -2 and 2. And positive to the right of 2.

−2 2

ᇱݕ

ݕ

ݕ

ᇱݕ = 0

ᇱݕ = 0

+ − +

(−2,16)
ݔܽܯ   

(2,−16)
݊݅ܯ   

ݐ݊݅݋ܲ ݈ܽܿ݅ݐ݅ݎܥ

0−5 5

(−2,16)

ݐ݊݅݋ܲ ݈ܽܿ݅ݐ݅ݎܥ

1st Derivative test

ݐݏ݁ܶ ᇱݕ

ݐ݊݅ ݕ = (0,0) ݕ = ଷݔ − ݔ12
ݕ = (0)ଷ− 12(0)
ݕ = 0

=ᇱݕ            ଶݔ3 − 12
݂ᇱ(−5) = 3(−5)ଶ − 12

݂ᇱ(−5) = +

ᇱݕ = (ݔ)′݂

=ᇱݕ            ଶݔ3 − 12
݂ᇱ(5) = 3(5)ଶ− 12

݂ᇱ(5) = +

=ᇱݕ            ଶݔ3 − 12
݂ᇱ(0) = 3(0)ଶ− 12

݂ᇱ(0) = −

ݕ       = ଷݔ − ݔ12
݂(2) = (2)ଷ − 12(2)

݂(2) = −16

ݕ       = ଷݔ − ݔ12
݂(−2) = (−2)ଷ− 12(−2)

݂(−2) = −16

:݃݊݅ݏܽ݁ݎܿ݊ܫ (−∞,−2)ܷ(2,∞) :݃݊݅ݏܽ݁ݎܿ݁ܦ (−2,2)

0 0

C12 - 3.1 - 1st Derivative Test: Critical Points Notes
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Find the critical points. Find the 2nd derivative and set equal to zero. Draw a graph and show the location of the 
Inflection Points and the Intervals of Concavity. 

ݕ    = ଷݔ − ݔ12
′ݕ   = ଶݔ3 − 12
ᇱᇱݕ = ݔ6
   0 = ݔ6

ݔ    = 0

2nd Derivative test

ݐ݊݅݋ܲ ݊݋݅ݐ݈݂ܿ݁݊ܫ

0−1 1

′′ݕ

ݕ

ݕ

− +

(0,0)
ܲܫ    :ܲܫ ݔܽܯ݊݅ܯݐ݊݅݋ܲ ݊݋݅ݐ݈݂ܿ݁݊ܫ

݁ݒܽܿ݊݋ܥ
݊ݓ݋ܦ   

݁ݒܽܿ݊݋ܥ
݌ܷ     

Prove 2nd derivative is negative to the left of 0 and positive to the right of 0.

Find the 2nd Derivative
Set the Derivative equal to Zero
Solve: Critical Values

ݐݏ݁ܶ ᇱᇱݕ

ݕ = ଷݔ − ݔ12
ݕ = (0)ଷ − 12(0)

ݕ = 0

ᇱᇱݕ = (ݔ)′′݂

=ᇱᇱݕ            ݔ6
݂ᇱᇱ(−1) = 6(−1)

݂ᇱᇱ(−1) = −

=ᇱᇱݕ            ݔ6
݂ᇱᇱ(−1) = 6(−1)

݂ᇱᇱ(−1) = +

:݊ݓ݋ܦ ݁ݒܽܿ݊݋ܥ (−∞, 0) :݌ܷ ݁ݒܽܿ݊݋ܥ (0,∞)

(0,0)

0

C12 - 3.2 - 2st Derivative Test: Inflection Point Notes
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ݕ = 9 − ଶݔ

,ݔ) 0)

,ݔ) 9− (ଶݔ
(ݕ,ݔ)

ܣ      = ݓ݈
ܣ      = (ݕ)(ݔ2)
ܣ      = −9)ݔ2 (ଶݔ
ܣ      = ݔ18 − ଷݔ2
=ᇱܣ      18 − ଶݔ6
     0 = 18− ଶݔ6
ଶݔ6 = 18
ଶݔ   = 3
ݔ     = ±√3⎯⎯ 

ݔ ݔ

ݕ

ݔ ≥ 0√3⎯⎯ 1 2

(3,0)

ݕ   = 9 − ଶݔ
  0 = 9 − ଶݔ
ଶݔ = 9
ݔ   = ±3

ݔ ≤ 3

0 ≥ ݔ ≥ 3

′ܣ

ܣ

ܣ

ᇱܣ = 18 − ଶݔ6
ᇱܣ = 18 − 6
ᇱܣ = +

ᇱܣ = 18 − ଶݔ6
ᇱܣ = 18 − 24
ᇱܣ = −

+ −0

൫√3⎯⎯ , 12√3⎯⎯ ൯
(ݔܽܯ)    

ܣ = ݔ)ݔ2− + ݔ)(3 − 3)

C12 - 3.3 - Max Area Rectangle under Curve Notes
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Find the point on the graph 2√ݔ⎯⎯  with the minimum distance to the point (5,0)

C12 - 3.3 - Min Distance to Curve Notes
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ݕ

ݔ

ܣ      = ݓ݈
ܣ      = ݕݔ
600 = ݕݔ

ݕ      =
600
ݔ
⎯⎯⎯

∗ܣ = 600

ܥ =
$60
݉
⎯⎯⎯

          ܲ = ݕ2 + ݔ4
ܥ           = ݕ2 × 60 + ݔ4 × 60

ܥ           = 2 ൬
600
ݔ
⎯⎯⎯൰ × 60 + ݔ4 × 60

ܥ           =
72000
ݔ

⎯⎯⎯⎯⎯⎯+ ݔ240

ܥ           = ଵିݔ72000 + ݔ240
ᇱܥ          = ଶିݔ72000− + 240

ᇱܥ          = −
72000
ଶݔ

⎯⎯⎯⎯⎯⎯+ 240

           0 = −
72000
ଶݔ

⎯⎯⎯⎯⎯⎯+ 240
72000
ଶݔ

⎯⎯⎯⎯⎯⎯= 240

ݔ           = √300⎯⎯⎯ 

ݐݏ݋ܥ = ℎݐ݃݊݁ܮ ×
ݐݏ݋ܥ
ℎݐ݈݃݊݁
⎯⎯⎯⎯⎯⎯

Perimeter
Cost

Derivative

Derivative=0

ݕ =
600
ݔ
⎯⎯⎯

ݕ =
600
√300⎯⎯⎯ ⎯⎯⎯⎯⎯

ݕ =
600

10√3⎯⎯ ⎯⎯⎯⎯⎯

ݕ =
60
√3⎯⎯ ⎯⎯⎯

ݕ = 20√3 ⎯⎯ 

ܣ = ݕݔ
ܣ = 20√3⎯⎯ × √300⎯⎯⎯ 

ܣ = 20√3⎯⎯ × 10√3⎯⎯ 

ܣ = 600

Check Answer

√300⎯⎯⎯ 0 ∞

0 > ݔ > ∞
Domain

ܥ

′ܥ
0

(∞,∞)(0ା,∞) (√300⎯⎯⎯ , 8313)
Abs Min

− +

ݓ2
ݓ

ℎ

ݒ = ℎݓܮ

ܣ = ݓ݈

஻௔௦௘ݐݏ݋ܥ =
$4.5
݉ଶ⎯⎯⎯⎯ ௌ௜ௗ௘௦ݐݏ݋ܥ =

$6
݉ଶ⎯⎯⎯

ܸ = ℎݓܮ
8 = ଶℎݓ2
4 = ଶℎݓ

ℎ =
4
⎯⎯⎯ଶݓ

ܸ = 8
ܮ = ݓ2

∗ܣܵ = ଶݓ2 + ℎݓ6

ܣܵ = ଶݓ2 + ݓ6 ൬
4
ଶ⎯⎯⎯൰ݓ

ܣܵ = ଶݓ2 + ଵିݓ24

ܥ = ଶݓ2 × 4.5 + ଵିݓ24 × 6
ܥ = ଶݓ9 + ଵିݓ144

ᇱܥ = ݓ18 − ଶିݓ144

 0 = 1)ݓ18 − (ଷିݓ8

ݐݏ݋ܥ = ܽ݁ݎܣ ×
ݐݏ݋ܥ
ܽ݁ݎܣ
⎯⎯⎯⎯⎯

ݓ = 0 1 − ଷିݓ8 = 0

                1 =
8
⎯⎯⎯ଷݓ

=ଷݓ               8
ݓ                = √8⎯⎯య

               
ݓ                = 2

20 ∞

ܥ

′ܥ

0

(∞,∞)(0ା,∞) (2,108)

Abs Min

− + 0 > ݔ > ∞
Domain

ℎ =
4

2ଶ
⎯⎯⎯

ℎ = 1

ܥ = ଶݓ9 + ଵିݓ144

ܥ = 9(2)ଶ + 144(2)ିଵ

ܥ = 108

C12 - 3.3 - Min Rect/Cube Area Cost Notes
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The radius of a circle is growing at a rate of 4 m/s. What is the rate at which the area within the circle is 
changing when the radius is 20m?

ݎ = 20݉

ܣ݀
ݐ݀
⎯⎯⎯|௥ୀଶ଴ = ?

ݎ݀
ݐ݀
⎯⎯⎯= 4 ܣ               = ଶݎߨ

            
ܣ݀
ݐ݀
⎯⎯⎯= ݎߨ2 ȉ

ݎ݀
ݐ݀
⎯⎯⎯

            
ܣ݀
ݐ݀
⎯⎯⎯= ݎߨ2 ȉ (4)

            
ܣ݀
ݐ݀
⎯⎯⎯= ݎߨ8

                  = (20)ߨ8
                  = ߨ160
                 

            ௗ஺
ௗ௧
⎯⎯= ௠మߨ160

௦
⎯⎯⎯

Therefore the area is changing at a rate of 160ߨ ௠మ

௦
⎯⎯⎯ when the radius is 20݉.

Find the rate of change.

The volume of a balloon is increasing at 256 meters cubed per second. How fast is the radius increasing 
when the radius is two meters?

ܸ݀
ݐ݀
⎯⎯⎯= 256

݉
ଷݏ
ݎ⎯⎯ = 2

   ܸ =
4
3
ଷݎߨ⎯⎯

 
ܸ݀
ݐ݀
⎯⎯⎯= 3 ×

4
3
ଷିଵݎߨ⎯⎯

ݎ݀
ݐ݀
⎯⎯⎯

 
ܸ݀
ݐ݀
⎯⎯⎯= ଶݎߨ4

ݎ݀
ݐ݀
⎯⎯⎯

256 = ଶ(2)ߨ4 ௗ௥
ௗ௧
⎯⎯

  
ݎ݀
ݐ݀
⎯⎯⎯=

16
ߨ
⎯⎯⎯

݉
ݏ
⎯⎯

Therefore the radius is changing at ଵ଺
గ
⎯⎯௠

௦
⎯⎯when the radius is 2 m.

ݎ݀
ݐ݀
⎯⎯⎯|௥ୀଶ = ?

ܣ݀
ݐ݀
⎯⎯⎯=

ܣ݀
ݎ݀
⎯⎯⎯×

ݎ݀
ݐ݀
⎯⎯⎯

ܣ݀
ݎ݀
⎯⎯⎯= ݎߨ2 ×

ݎ݀
ݎ݀
⎯⎯⎯

ݎ݀
ݎ݀
⎯⎯⎯= 1

*C12 - 4.1 - Related Rates Circle/Sphere A/V Notes
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Train 'a' leaves Vancouver heading South at 10 m/s and train 'b' leaves heading East at 5 m/s? How far are they a 
part after two minutes? What is the speed at which the trains are moving apart at that time?

݀ܽ
ݐ݀
⎯⎯⎯= 10

ܾ݀
ݐ݀
⎯⎯⎯= 5

                                      ܽଶ+ܾଶ = ܿଶ

                       2ܽ
݀ܽ
ݐ݀
⎯⎯⎯+ 2ܾ

ܾ݀
ݐ݀
⎯⎯⎯= 2ܿ

݀ܿ
ݐ݀
⎯⎯⎯

2(1200)(10) + 2(600)(5) = 2(1341.6)
݀ܿ
ݐ݀
⎯⎯⎯

                                      30000 = 2683.2 
݀ܿ
ݐ݀
⎯⎯⎯

                                            

                                             
݀ܿ
ݐ݀
⎯⎯⎯= 11.1

݉
ݏ
⎯⎯

            ܽଶ + ܾଶ = ܿଶ
1200ଶ + 600ଶ = ܿଶ
                         
                         ܿ = 1341.6

ݏ݁ݐݑ݊݅݉ 2 = ݏ݀݊݋ܿ݁ݏ 120

ܽ = ݐݒ
ܽ = 10 × 120

ܽ = 1200

ܾ = ݐݒ
ܾ = 5 × 120

ܾ = 600

1200

600

1341.6

݀ܿ
ݐ݀
⎯⎯⎯|௧ୀଶ = ?

݀ = ݐݒ

Spotlight

ݔ݀
ݐ݀
⎯⎯⎯=  +0.7

ݔ

ݕ

15

                               
ݕ

15
⎯⎯⎯=

2
ݔ
⎯⎯

ݕݔ                                = 30

             
ݔ݀
ݐ݀
ݕ⎯⎯⎯ +

ݕ݀
ݐ݀
ݔ⎯⎯⎯ = 0

0.7(4.29) +
ݕ݀
ݐ݀
⎯⎯⎯(7) = 0

                               
ݕ݀
ݐ݀
⎯⎯⎯= −

0.7(4.29)
7

⎯⎯⎯⎯⎯⎯⎯⎯

                               
ݕ݀
ݐ݀
⎯⎯⎯= −0.429

݉
ݏ
⎯⎯

2

ݕݔ = 30
ݕ7 = 30

ݕ   =
30
7
⎯⎯⎯

 
ݕ   = 4.29

ݕ݀
ݐ݀
⎯⎯⎯|௫ୀ଻ = ?

A 2 m tall person is walking away from a spotlight, 15 m from a wall, towards the wall at 0.7 m/s. How 
fast is the shadow on the wall changing when they are 7 m from the spotlight?

C12 - 4.2 - Train Pythag/Spotlight Sim Tri Rel Rat Notes
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The top of a 16 ft ladder slides down a wall at a rate of 3 ft/s. At what rate is the base of the ladder 
sliding away from the wall when the latter is at a height of 8 ft on the wall. 

ݕ݀
ݐ݀
⎯⎯⎯= −3

ݐ݂
ݏ
⎯⎯

ଶݔ                               + ଶݕ = ܿଶ

ݔ2                 
ݔ݀
ݐ݀
⎯⎯⎯+ ݕ2

ݕ݀
ݐ݀
⎯⎯⎯= 2ܿ

݀ܿ
ݐ݀
⎯⎯⎯

2൫8√3⎯⎯ ൯
ݔ݀
ݐ݀
⎯⎯⎯+ 2(8)(−3) = 0

                                       
ݔ݀
ݐ݀
⎯⎯⎯=

3
√3⎯⎯ ⎯⎯⎯

                                       

                                     
ݔ݀
ݐ݀
⎯⎯⎯= ݐ݂ ⎯⎯3√

ݏ
⎯⎯

ଶݔ + ଶݕ = ܿଶ
ଶݔ + 8ଶ = 16ଶ

ݔ             = ඥ16ଶ − 8ଶ
⎯⎯⎯⎯⎯⎯⎯⎯  

ݔ             = √192⎯⎯⎯ 

           
ݔ             = 8√3⎯⎯  

*Length is shrinking: 
Derivative is Negative.

16

8

*We can substitute 
constants into the formula

What is the rate the angle at the bottom of the ladder changing?

16

8

ߠ݊݅ݏ =
8

16
⎯⎯⎯

ߠ       = sinିଵ(
1
2
⎯⎯)

ߠ      =
ߨ
6
⎯⎯

ߠݏ݋ܿ          =
ݔ
ݎ
⎯⎯

ߠݏ݋ܿ          =
ݔ

16
⎯⎯⎯

ߠ݊݅ݏ−
ߠ݀
ݐ݀
⎯⎯⎯=

1
16
⎯⎯⎯

ݔ݀
ݐ݀
⎯⎯⎯

   −
8

16
⎯⎯⎯

ߠ݀
ݐ݀
⎯⎯⎯=

1
16
⎯⎯⎯ √3⎯⎯ 

ߠ݀
ݐ݀
⎯⎯⎯= −

√3⎯⎯ 

8
⎯⎯⎯

݀ܽݎ
ݏ
⎯⎯⎯

8√3⎯⎯ 

ߨ
6
⎯⎯

*Real life is in Radians. 
Degrees are for children.

*I used cos because it 
used the rate I already 
solved on the top. Using 
sin and tan is possible 
but much more difficult 
based on the 
information and 
previously solved. We 
want our constant on 
the bottom.

ݔ݀
ݐ݀
⎯⎯⎯|௬ୀ଼ = ?

C12 - 4.2 - Ladder Trig Related Rates Notes
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A 5 foot tall woman is walking away from a 20 foot lamp post at 3 m/s. What rate is her shadow increasing when she 
is 30 feet from the lamp post; and is her shadow getting bigger or smaller. How fast is the tip of her shadow moving?

ݕ݀
ݐ݀
⎯⎯⎯ ቚ

௫ୀଷ଴
= ?

5 
20

ݔ݀
ݐ݀
⎯⎯⎯= 3

݉
ݏ
⎯⎯

ݔ = ݕ30

           
5

20
⎯⎯⎯=

ݕ
ݔ + ݕ
⎯⎯⎯⎯⎯

ݔ5 + ݕ5 = ݕ20
ݔ5            = ݕ15
ݔ               = ݕ3

           
ݔ݀
ݐ݀
⎯⎯⎯= 3

ݕ݀
ݐ݀
⎯⎯⎯

             3 = 3
ݕ݀
ݐ݀
⎯⎯⎯

           
ݕ݀
ݐ݀
⎯⎯⎯= 1

ݐ݂
ݏ
⎯⎯

A float plane rising at 30 degrees above the horizontal flies over a boat at an altitude of 100 m at 60 m/s. How 
fast is the distance between the boat and the plane increasing after five seconds?

30଴

90଴

ݒ =
݀
ݐ
⎯⎯

݀ = ݐݒ
݀ = 60 × 5

݀ = 300 ݉

ܾ =  300

ܽ = 100 ܿଶ = ܽଶ + ܾଶ − ܥݏ݋2ܾܽܿ

ܿ = ඨ100ଶ + 300ଶ − 2(100)(300) cos
ߨ7
6
⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
 

ܿ = 389.8 ݉

                  ܿଶ = ܽଶ + ܾଶ − ܥݏ݋2ܾܽܿ

            2ܿ
݀ܿ
ݐ݀
⎯⎯⎯= 0 + 2ܾ

ܾ݀
ݐ݀
⎯⎯⎯− ܥݏ݋2ܽܿ

ܾ݀
ݐ݀
⎯⎯⎯

2(389.8)
݀ܿ
ݐ݀
⎯⎯⎯= 0 + 2(300)(60) − 2(100) ቆ−

√3⎯⎯ 

2
⎯⎯⎯ቇ (60)

                 
݀ܿ
ݐ݀
⎯⎯⎯= 59.5

݉
ݏ
⎯⎯

ܾ݀
ݐ݀
⎯⎯⎯= 60

*That would have been a tough 
product rule if more things were 
changing

*Word Problems 
in Radians

ܼ

ݖ݀
ݐ݀
⎯⎯⎯=

ݕ݀
ݐ݀
⎯⎯⎯+

ݔ݀
ݐ݀
⎯⎯⎯

ݖ݀
ݐ݀
⎯⎯⎯= 1 + 3

ݖ݀
ݐ݀
⎯⎯⎯= 4

݉
ݏ
⎯⎯

݀ܿ
ݐ݀
⎯⎯⎯|௧ୀହ = ?

120଴ =
ߨ7
6
⎯⎯⎯

C12 - 4.2 - Similar Triangles/Cos Law Related Rates Notes
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Find the rate of change.

A cone with a radius of 3 cm and height of 6 cm is filling with water where the height of the water level 
is increasing at a rate of 0.2 cm/s. What is the rate the volume is increasing when the height of the 
water level is 5 cm.

  ܸ =
1
3
ଶℎݎߨ⎯⎯

  ܸ =
1
3
ߨ⎯⎯ ൬

ℎ
2
⎯⎯൰

ଶ

ℎ

  ܸ =
1

12
ℎଷߨ⎯⎯⎯

ܸ݀
ݐ݀
⎯⎯⎯= 3 ×

1
12
ℎଶߨ⎯⎯⎯

݀ℎ
ݐ݀
⎯⎯⎯

ܸ݀
ݐ݀
⎯⎯⎯=

1
4
ଶ(0.2)(5)ߨ⎯⎯

ܸ݀
ݐ݀
⎯⎯⎯=

ߨ5
4
⎯⎯⎯

ܿ݉
ݏ
⎯⎯⎯

ܸ݀
ݐ݀
⎯⎯⎯=

1
3
ߨ⎯⎯ ൬2ݎ

ݎ݀
ݐ݀
⎯⎯⎯ℎ +

݀ℎ
ݐ݀
ଶ൰ݎ⎯⎯⎯

ݎ = 3

ܪ = 6
ℎ = 5

ܪ
ܴ
⎯⎯=

ℎ
ݎ
⎯⎯

6
3
⎯⎯=

ℎ
ݎ
⎯⎯

2 =
ℎ
ݎ
⎯⎯

ݎ =
ℎ
2
⎯⎯

݀ℎ
ݐ݀
⎯⎯⎯= 0.2 

3

ℎ = 5

6

ݎ

*We can't take this product so we must  
use similar triangles/other info

ܸ݀
ݐ݀
⎯⎯⎯|௛ୀହ = ?

C12 - 4.3 - Cone V/Similar Triangles Related Rates Notes
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ܸ݀
ݐ݀
⎯⎯⎯= ?

ݎ݀
ݐ݀
⎯⎯⎯|ௌ஺ୀଶ଴ = 2

  ܸ =
4
3
ଷݎߨ⎯⎯

ܸ݀
ݐ݀
⎯⎯⎯= ଶݎߨ4

ݎ݀
ݐ݀
⎯⎯⎯

ܸ݀
ݐ݀
⎯⎯⎯= ߨ4 ቌඨ

100
ߨ4
⎯⎯⎯

⎯⎯⎯
 

 ቍ

ଶ
ݎ݀
ݐ݀
⎯⎯⎯

ܸ݀
ݐ݀
⎯⎯⎯= ߨ4 ×

100
ߨ4
⎯⎯⎯ × 2

ܸ݀
ݐ݀
⎯⎯⎯= 200

݉ଷ

ݏ
⎯⎯⎯

ܣܵ   = ଶݎߨ4
100 = ଶ(2)ߨ4

ݎ      = ඨ100
ߨ4
⎯⎯⎯

⎯⎯⎯
 

ݎ     =
10

݉ ⎯⎯⎯⎯ ⎯⎯ߨ√2

30

70

ܣ ܤ

ܵ

50
ݔ

70
⎯⎯⎯=

ܵ
100
⎯⎯⎯

ݔ   =
7

10
⎯⎯⎯ܵ

ݔ݀
ݐ݀
⎯⎯⎯=

7
10
⎯⎯⎯

݀ܵ
ݐ݀
⎯⎯⎯

  2 =
7

10
⎯⎯⎯

݀ܵ
ݐ݀
⎯⎯⎯

݀ܵ
ݐ݀
⎯⎯⎯=

20
7
⎯⎯⎯

݉
ݏ
⎯⎯

ݔ = 25

ݔ݀
ݐ݀
⎯⎯⎯= 2

݀ܵ
ݐ݀
⎯⎯⎯|௫ୀଶହ = ?

ܣ ܲ ܤ

ܥ

3

5ݔ − 50$ݔ
݉
⎯⎯⎯

$80
݉
⎯⎯⎯

ݐݏ݋ܥ = ℎݐ݈݃݊݁ ×
ݐݏ݋ܿ
ℎݐ݈݃݊݁
ܥ⎯⎯⎯⎯⎯⎯ = 50(5− (ݔ + 80ඥݔଶ + 9

⎯⎯⎯⎯⎯⎯ 

ᇱܥ =
  0 =
Number Line

ඥݔଶ + 9
⎯⎯⎯⎯⎯⎯ 

C12 - 4.4 - Sphere Tight Rope Notes
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ܯܣܴ ܶܨܧܮ ܯܣܴܦܫܯܯܣܴ ܶܪܩܫܴ

ோ஺௉்ܣ = ൬
଴ݕ + ଵݕ

2
⎯⎯⎯⎯⎯⎯⎯൰ℎ

ோ஺௉்ܣ = ൬
଴ݕ + ଵݕ

2
⎯⎯⎯⎯⎯⎯⎯൰ℎ + ൬

ଵݕ + ଶݕ
2

⎯⎯⎯⎯⎯⎯⎯൰ℎ + ൬
ଶݕ + ଷݕ

2
⎯⎯⎯⎯⎯⎯⎯൰ℎ… + ൬

௡ିଵݕ + ௡ݕ
2

⎯⎯⎯⎯⎯⎯⎯⎯⎯൰ℎ

ோ஺௉்ܣ =
ℎ
2
଴ݕ)⎯⎯ + ଵݕ2 + ଶݕ2 + ௡ିଵݕ2⋯ + ௡)ℎݕ

ோ஺௉்ܣ =
ܯܣܴܮ + ܯܣܴܴ

2
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ܶܨܧܮ ݏ݅ ݐℎ݃݅݁ܪ
ݕ − ݊݋݅ݐܿ݁ݏ ݂݋ ݁ݑ݈ܽݒ ݐℎܴ݃݅ ݏ݅ ݐℎ݃݅݁ܪ

ݕ − ݊݋݅ݐܿ݁ݏ ݂݋ ݁ݑ݈ܽݒ
ܦܫܯ ݏ݅ ݐℎ݃݅݁ܪ
ݕ − ݊݋݅ݐܿ݁ݏ ݂݋ ݁ݑ݈ܽݒ

݊ = ݏ݈݁݃݊ܽݐܿ݁ݎ #

Simpsons

ௌூெ௉ܣ =
ℎ
3
଴ݕ)⎯⎯ + ଵݕ4 + ଶݕ2 ௡ିଶݕ2⋯+ + ௡ିଵݕ4 + (௡ݕ

Find the area under the graph ݕ = ଶݔ from zero to two using four (n=4) rectangles. Using Riemann's LRAM, 
MRAM & RRAM, and Trapezoidal Rule .

Factor Out ௛
ଶ
⎯

,଴ݕ 1 ,ݏଵᇱݕ 2 ,ݏଶᇱݕ2 … ௡ିଵᇱݕ2 ,ݏ ௡ݕ1

ℎ = ℎݐ݀݅ݓ ݈ܽݐ݊݋ݖ݅ݎ݋ℎ
ݔ y

ℎ =
ܾ − ܽ
݊

⎯⎯⎯⎯⎯=
2− 0

4
⎯⎯⎯⎯⎯=

1
2
⎯⎯

Rotates 1-4-2-4-2-4-1

  C12 - 5.1 - Int Reimann's L/R/M RAM & Trap Notes
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Constant Rule

Power Rule

න݇݀ݔ =
 

 

ݔ݇ + ܿ

නݔ௡݀ݔ
 

 
=
௡ାଵݔ

݊ + 1⎯⎯⎯⎯⎯+ ܥ (݊ ≠ −1)

(݇: (ݐ݊ܽݐݏ݊݋ܿ ܽ   න5݀ݔ = 5න݀ݔ
 

 

 

 
             = ݔ5 + ܥ

න3ݔଶ݀ݔ =
ଶାଵݔ3

3⎯⎯⎯⎯⎯+ ܥ
 

 
                  = ଷݔ + ܥ

නݔଶ݀ݔ =
ଶାଵݔ

3⎯
⎯⎯⎯+ ܥ

 

 

               =
ଷݔ

3⎯
⎯ + ܥ

C!

Examples

න√ݔ݀ ⎯⎯ݔ =
 

 
නݔ

ଵ
ଶ⎯⎯݀ ݔ

 

 

                =
ݔ
ଷ
ଶ⎯⎯

3
2⎯⎯
⎯⎯ + ܥ

                =
ݔ2

ଷ
ଶ⎯⎯

3
⎯⎯⎯ + ܥ

1
2⎯
⎯+ 1 =

1
2⎯
⎯+

2
2⎯
⎯=

3
2⎯
⎯

නݔ݀ݔ
 

 
=
ଶݔ

2⎯
⎯ + ܥ න5ݔ݀ݔ =

 

 

5නݔ݀ݔ
 

 

                =
ଶݔ5

2⎯
⎯⎯ + ܥ

න(ݔଶ+5)
 

 
ݔ݀ =

ଷݔ

3⎯
⎯ + ݔ5 + ܥ න(ݔ + 2)ଶ݀ݔ =

 

 
න(ݔଶ + ݔ4 + ݔ݀(4

 

 

                          =
ଷݔ

3⎯
⎯ +

ଶݔ4

2⎯
⎯⎯ + ݔ4 + ܥ

                          =
ଷݔ

3⎯
⎯ + ଶݔ2 + ݔ4 + ܥ

Integral: The Anti-Derivative. Who's Derivative is this? Take the Derivative to Check your Answer.

න
ଶݔ + ݔ2

ݔ
⎯⎯⎯⎯⎯⎯⎯
 

 
ݔ݀ = න(ݔ + 2)

 

 
ݔ݀

                          =
ଶݔ

2⎯
⎯ + ݔ2 + ܿ

ݕ =
ଶݔ

2⎯
⎯ + ܥ

ᇱݕ =
ݔ2
2⎯
⎯⎯

ݕ = ݔ
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Find the Area under the curve using Integration. Confirm the Area by geometry if possible.

ݕ = ݔ 0 ≤ ݔ ≤ 4

ܣ =
ܾℎ
2
⎯⎯⎯

ܣ =
4 × 4

2
⎯⎯⎯⎯⎯

ܣ = 8

ܣ = න ݔ݀(ݔ)݂
௕

௔

ܣ = න ݔ݀ݔ
ସ

଴
=
ଶݔ

2
⎯⎯⎯

                      =
(4)ଶ

2
⎯⎯⎯⎯−

(0)ଶ

2
⎯⎯⎯⎯

                      = 8

4

0

Check by Geometry

Find the area under the curve using Integration. Confirm the area by geometry if possible.

ݕ = = ⎯⎯ݔ√ ݔ
ଵ
ଶ⎯⎯ 0 ≤ ݔ ≤ 4

න ݔ
ଵ
ଶ⎯⎯݀ ݔ

ସ

଴
=

ݔ2
ଷ
ଶ⎯⎯

3
⎯⎯⎯

                  =
2(4)

ଷ
ଶ⎯⎯

3
⎯⎯⎯⎯⎯−

(0)
ଷ
ଶ⎯⎯

2
⎯⎯⎯⎯

                  =
16
3
⎯⎯⎯

4

0

FUNDAMENTAL THEOREM OF CALCULUS 

ܣ = න ݔ݀(ݔ)݂ = (ܾ)ܨ  − (ܽ)ܨ
௕

௔

(ݔ)݂ ݂݋ ݁ݒ݅ݐܽݒ݅ݎ݁݀݅ݐ݊ܽ ℎ݁ݐ ݏ݅(ݔ)ܨ

ݒ

ݐ

ܽ݁ݎܣ = ݁ܿ݊ܽݐݏ݅ܦ

݁݉݅ܶ ݏݒ ݕݐ݅ܿ݋݈ܸ݁

Check with math 9
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Find the area between the curves using Integration.

ݕ = ݔ ݕ = ଶݔ

ݕ = ݔ

ݕ = ଶݔ

ݕ = ݔ

ݕ = ଶݔ

ݕ = ݔ
ݕ = ଶݔ

Find Intersections

ݔ = ଶݔ
ଶݔ − ݔ = 0
ݔ)ݔ − 1) = 0

ݔ = 0 ݔ = 1

න (ݔ)݂
ଵ

଴

න ൫ ௨݂௣௣௘௥ − ௟݂௢௪௘௥൯݀ݔ
ଵ

଴
= න ݔ) − ݔ݀(ଶݔ

ଵ

଴

                                           = ௫మ

ଶ
⎯⎯− ௫య

ଷ
⎯⎯

                                            =
1ଶ

2
⎯⎯⎯−

1ଷ

3
⎯⎯⎯− (

0ଶ

2
⎯⎯⎯−

0ଷ

3
⎯⎯⎯)

                                            =
1
2
⎯⎯−

1
3
⎯⎯

                                            =
1
6
⎯⎯

1

0

1
2
⎯⎯−

1
3
⎯⎯=

3
6
⎯⎯−

2
6
⎯⎯=

1
6
⎯⎯

If either function is below the x-axis, subtracting a negative 
area adds the area. Don’t forget to distribute any negatives.
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ݕ = ݔ 0 ≤ ݔ ≤ 4

ܸ = න ݔ݀(ݔ)ܣ
௕

௔
= න ݔଶ݀ݎߨ

௕

௔
                              

                             = නߨ ݔଶ݀ݔ
ସ

଴

                            =  ߨ
ଷݔ

3
⎯⎯

                            = ቆߨ
4ଷ

3⎯
⎯−

0ଷ

3⎯
⎯ቇ

                            =
ߨ64

3⎯
⎯⎯⎯

Volume

ݎ = ݕ = ݔ

ݐℎ݁݅݃ℎ ݕ ℎ݁ݐ ݏ݅ ݏݑ݅݀ܽݎ

௖ܸ௢௡௘ =
1
3⎯
ଶℎݎߨ⎯

௖ܸ௢௡௘ =
1
3⎯
4ଶ4ߨ⎯

௖ܸ௢௡௘ =
ߨ64

3
⎯⎯⎯⎯

Find the Volume of revolution by Integration. Confirm the Volume by geometry if possible.

ܸ = න ݔ݀(ݔ)ܣ
௕

௔

(ݔ)ܣ = ଶݎߨ

ݎ = ݔ 4

0

Check by Geometry

ݕ = ݔ
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Find the Volume of revolution between the two functions around the x-axis by Integration. 

ݕ =
1
2
ݕݔ⎯⎯ = 0 ⎯⎯ݔ√ ≤ ݔ ≤ 4

ݕ =
1
2
ݔ⎯⎯

ݕ =  ⎯⎯ݔ√

ܸ = නߨ ൫(ݎ௢௨௧௘௥)ଶ − ݔଶ൯݀(௜௡௡௘௥ݎ)
ସ

଴
= නߨ ቌ(√ݔ⎯⎯ )ଶ − ൬

1
2
൰ݔ⎯⎯

ଶ
ቍ݀ݔ

ସ

଴

                                                                   = නߨ ൬ݔ −
1
4
ଶ൰ݔ⎯⎯ ݔ݀

ସ

଴

                                                                  = ߨ ቆ
ଶݔ

2
⎯⎯⎯−

ଷݔ

12
⎯⎯⎯ቇ

                                                                  = ߨ ൭
4ଶ

2
⎯⎯⎯−

4ଷ

12
⎯⎯⎯− ቆ

0ଶ

2
⎯⎯⎯−

0ଷ

12
⎯⎯⎯ቇ൱

                                                                  =
ߨ8
3
⎯⎯⎯

4

0

ݕ = ݕ ⎯⎯ݔ√ =
1
2
ݔ⎯⎯
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