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Cl12 - 1.1 - Limits Removable Discontinuities Graph Notes

Limit: What y is approaching.

What is y approaching as x approaches 2? lim f(x) =2
x> 2
f)=Jx-1 P X FE 2
-3 ;X =2
s g Y
(x—=1)(x /A 2) 19 9
=
| i (x/2) 1999 999

f(2) = DNE 2 DNE

2001 1001
42’ -3) Domain: (—oo,2)U(2, ) 2.1 1.1

Hole: x—2=0
x=2

f@=-1 (21

y approaches 1

The Limit of f(x),as x approaches 2,equals 1. | @S X approaches 2.

lim f(X) =1 i =
S 2~ and xlgnz*'f (x) =1

Left Hand-Limit = Right Hand Limit

One Sided Limits
lim +f(x) =L The Limit of f(x),as x approaches c, from the positive side (right),equals L.
x>
lim f(x) =L The Limit of f(x),as x approaches c, from the negative side (left), equals L
x>c”
Limit Exists if and only if: Left hand Limit = Right Hand Limit or
Limit Does Not Exist
lim f(x) =L im f() =L gna M fO=L | iy f(x)=DNE
x>cC x>c” x>ct S c
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C12 - 1.1 - Limits Infinite/Jump Discontinuity Graph Notes

What is y approaching as x approaches 2? x"%mZ fx) =7
1 1 x y
f(x)=——= | 2001-2 19 -10
x—=2 1
i 1999 -1000
’ 001

. | 1 2 DNE

6 (e 2001 1000
1000
1000 21 10

The Limit of f(x),as x approaches 2,Does Not Exist

lim f(x) = — oo - e
X5 2 and xlgnZJff x)=+

Left Hand Limit # Right Hand Limit

. . _ 14
What is y approaching as x approaches — 17 lim  f(x) =2
x> -1

_ —x+1 x <1
F(x)_{ x+1 x>-1 X y

11 21
-1001 2,001

-1 0

-l -999 001

The Limit of f(x),as x approaches — 1,Does Not Exist

x—> —1" and xlgn_:{:(x) 0

Left Hand Limit # Right Hand Limit
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C12 - 1.1 - Limits Continuity Graph Equation Notes

x<1
x=>1

= =

17:x<1
1t:x>1

<
I

x%:x<1

y=x; x>1

4
Lim fx) = Lim flx) = Lim _ )
51— o2 51 51 f(x) Continuous
Lim (17)? - Lim (1%)2
_ x-1 + x — 1+
o kT o L
Lim _ Lim Lim _,
x>1" 7 x>1t x>1
_ x2, x<1
fx) = { X, x>1 Discontinuous
T = 1 x=1 > | continuous
fx)=1x=1
X
| | 'Y X
304 — | —— b
4 3 2 -l ni 1 2 3 4 Removable
Al discontinuity
31
A -4__
Lim fx) = Lim (x) = Lim — __
x> 1" x? , x> 1" £+ 1 x> 1 fla) = Discontinuous
Lim (1) Lim 2 4
x>1" x->17 1 oyt A P @
O L=l" o Lk
Lim Lim Lim _
x>15F 1t x>1 — DNE
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C12 - 1.1 - Limits Differentiability Graph Equation Notes

f(x):{ x?, x<1 17x<1

X, x>1 1t :x>1

ey — Li ) — ey — Lim fx+h)—f(x)
f(X)_hLelmo— f(x+})l f(x) f(x)_heo+ ;

@ # @ 2x=1" power
2+1

Not Differentiable

flx+h)—f(x) F1x) = Lim f(x+h)—f(x)

f'(x) = Lim
h-> 0~ h

h-> 0* h
: @ ‘ Zzié Power ‘

Differentiable
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Cl12 - 1.2 - Limits Algebra Conj/LCD Notes

Find the Limits

Lim 9—x
x>9 3-x
Lim 9—x o 3+ \/} P
29 3-Vx 3+4x |~ Conjugate
Lim (3—VX)(B+x) =
x=>9 <x)(3+ Vx) 9+ _M_x: L
Simplify 9—yx
x> 9
3++9
3+3 Substitute
Lim 1 1 1 1
x>0  x*¥3 3 LD=3(x+3) x+3°3 OR
* X
1
3—(x+3 .
Lim ﬁ Add Fractions 3—(x+3) Multiply Top and Bottom by LCD
x>0 —x *( 73
1
—x o |
Lim 3(x+3)  Simplify —x LCD: 3(x + 3)
ad 3x(x + 3)
x>0 1
Li —X 9 1 .
m 3 <% Flipand Multipl
x>0 3(x +3) «x P ply )
i 1
im - o
x>0 3(x+3) Simplify

e Substitute
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Cl12 - 1.2 - Limits Trig Algebra Notes

Lim sinx
x->0 x

i 1— cosx
Lim ~0

x>0 X
Lim sinx 9 sinx
x>0 X 1+ cosx
1x——
1+1
Lim tanx
x>0 x
Lim sinx 9 1
x>0 X 1 cosx
1x-—
1

. Sin2x . Sin2x
Im?) 4x xIrT(]) sin3x
xX— -
) simax 1 Separate Product simox  2x
m X = _ 1 Z__x
x-0 2x % 4=2x%x2 | _r)rg) Sin3x x 3x
1x—= 1 3x
2 sin2x 2_x
2x T
x—0Sin3x  3x
3x 1
1 2x
—_— x —
1 3x

Lim  sin2x _
x->0 2x

®

1—cosx 1+ cosx

X
X 1+ cosx
sin?x
x(1+ cosx)

sinx sinx
X

X 1+ cosx

tanx Proof

.k‘

Sinx
x Defn

(@)
IR

sinx 1
x p—

cosx x
sinx 1

X COoSXx

Flip and Multiply
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Lim  sin2x

x>0 X
Lim  Sin2x 9 2
x>0 X 2
Lim sin2x
x>0 2x
1x2

Conjugate

Separate Fractions

Lim tandx
x>0 tan3x
tandx < 4_x
. 1 4x
Lim tan3x _ 3x
x> 0 1 x ﬁ
tandx x 4
Lim 4x X
x>0 Landr o
1x4x
1x3x



C12 - 1.3 - Limits Vertical/Horizontal Asymptotes Notes

+
How many times does the bottom go into the top? O_ ~ +0.00001
0~ = —0.00001
1
o~ +00 A relatively large number divided by a very small positive number is approximately Infinity | 1 > 0*
== A relatively large number divided by a very small negative number is approximately Infinity | 1 > 0~
=~ 0 A relatively small number divided by a very large positive number is approximately Zero 1K+
(0.6}
e A relatively small number divided by a very large negative number is approximately Zero | 1 « —o
Lim 1
Lim x>0" & x - 0F
x—>q” T F® 1 1
Lim OR ot - _
x> gt T X x y x Denominator=0
+
VA x = 0 ® VA:x = VA:x =0
X =a
Lim 1 Y 5 —oo I\ Lim 1
xX—>-00 X X>+0 X > o0
1| =50 | - I I
—0 X A y=- +o0 ; -0
(=2 | S
X y x y
—1010 ~ 0~ Lim 1 1010 ot
x—>07 Xl x -0~
lim = | 1,_ x y
X—>+Oof(x)=#OR 0 X_> ® —1010 =~ 0~
i X
Lim fx) =# Y Q VA:x =0 -1 -1
X == 0~ —00
HAiy = # 0 —o
0 DNE
ot 00
—-5.01 -0.01 4.99 1 1
-5 0 5 5t-5=0% 1010 ot
I | S 5-57=0"
< | N > o
'\ '\ '\ 5 -5=0" #” = oo
5-5%=0" 00 = 00
—4.99 +0.01 5.01
-5t +5=0"
—57 ~ —4.999999 5* ~ 5000001 —5-—5=0"
—57~ —5,000001 57~ 4.990999
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C12 - 1.3 - Limits Vertical Asymptotes Notes

Lim
x>0~
Lim
x>0~

1

X
1

0_

H 2 3 4

Lim
x>0t
Lim
x>0t

vV

1
x
1
0+

x
-01
—-0.01
—0.001
0-
0
o+
0.001
0.01
01

y
-10
—100
—1000

1000
100
10

Lim 1 —
x> 2" x—2
Lim _ 1
2= 2= -2
x-> 1

VA: Denominator = 0

lim +
x>0 x2
lim 1
x>0~ (07)?
0+
lim
x>0 i =7
lim x%2
x>0

Lim . 1
x> 2% x—2
Lim +1
x> 2F 2 1 2
0+
x y
1.9 10
199 100
1.999 1000
2- 00
2 DNE
2+ —00
2.001 -1000
201 —100
2.1 -10

lim +
x>0t x2
lim 1
x>0t (0)2
0+
X y
-2 1
4
-1 1
-0.01 10000
0~ 00
0 DNE
ot 00
0.01 10000
1 1
2 1
4

A vertical asymptote by definition is the limit as x approaches the VA from the left-hand side and
the right-hand side and equals +o0, —c either or both.
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Cl12 - 1.4 - Limits Rational HA Notes

A horizontal asymptote by definition is the limit as x approaches =infinity. Substitute xinfinity for x into a
table of values. Or. Divide top and bottom by x to the highest exponent of x in denominator and solve.

Horizontal Asymptote

lim f(x)=# HAy=#
xX—>*oo

X

(0]

y
#

Find HA
'-;m 3x2+4 3x%+4
oo ot
* 1x2 -1 1x2 — 1
) 3x? .
le 3+ 4 7 x2
X—> o x? 2 1
1— 1 X2 x2
Lim x2 3+ 4
X—> 00 3+ i x_2
002 1
1 1-2=
l-%2
3+0
10 Lim 3x*+4
x>0 1x2-1
@ Lim  3x?
. x>0 1x2
Lim x*+5 x2+5
xX-> -0 3x3 + 2x 3x3 + 2x
X 5
Lim 1 % x3 +F
X—> - X xz 3%, 2x
3+ i x3  x3
Lim 1 5 %4_ %
o TotTey X
2 3+ 7
3+ x
(—)?2
0+0
3+0 Lim x2+5
x> 5rox
ONEE
X>-0 3.3
Cir =0 1
3x
1
3(—w)

©
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Lim
X—> ©
Lim
X—> ©
Lim
X—> ©

Lim
X—> ©

|
l
l

“p
l -
—[_7

{

x* + 3x
2x +1

x3+3

o)
I ) -
. S
-1 T 2 3 4
v
12T
157 )
)
t@.
x* +3x
24x+1
Xt 3x
X X
2, 1
X X
x3+3
241
X
4
Lim X"+ 3x
x>0 2x+1
Lim X
x>0 2X
X
2
(0)3
2




C12 - 1.4 - Limits Exponential HA Notes

Find HA

Lim

x>0 2F=
Lim

x>0 2%

X — 00
2% > oo

2%° >

Lim
X-> - 2* =
Lim e -3
x%_ -co 21 21 Lim ox
Lim — X - —0o > x> 0% o
X—> -00 2 2=X 5 0 2
Lim X
x—> 0~ 2 .
20
1
271 ==
2
20=1
21=2
22 =4 # =1
Lim
eOO
Lim x
e =
X—> -00 e~
i 2_3 = i
eoo 23
1
0 e® = w
Lim 2%
x% -0 X
2—00
(0]
L 23=2
] 20 23
Lim o—x o
X0 () 1
. (0]
2 (0]
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Cl12 - 1.4 - Limits Trig HA Notes

(0,1) Sine Graph Cosine Graph
1 15Ty =
(-1,0) T 1o | ™7 y 1 x
a2 A 3r/2 A T T 2 2?:7
4N sl
(0,-1) 15 -5
sind =y  cosf =x y = sinx y = cosx
Find HA
. Lim 1
Lim 1 —
x> 00 sin (;) = X o cos (E) B
X — 00
- i 1
Lim ; 1 _ Lim cos0 —=0
o5 00 sin0 g_0 ;—>O x> o 0
00 sind =y x> o0 Y
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Cl1l2-1.4 - Limits Absolute Value HA Notes

Find HA

Domain of Domain of
£ = Il positive case: negative case:
Piecewise function: flx) = { X, x<28 x=0 x<0

- X Set what is inside the Set what is inside
absolute value greater the absolute value
than or equal to zero. less than zero.

Lim _ Lim x| =
X—>-00 ol X—>00
X = - X — 00
= | x|l - o *
|x] = o
y=—x 5 y=x
— — —
. Lim
Lim —
= + |X| -
x—->0~ Ixl x>0
—x x

Lim |x|+2 Lim x| +2
_X%OO |x| XQ'OO |x| .

Lim x+2 Lim —x+2 j\/\l\ /z,..},(’
X—>00 x xX—>-00 _ 2 = =+

2 _T*, Va2 =|x| = £x —_—

Lim X x Lim XXk MN2AL |\ -2

xX—>00 P X—>-00 —x
1+2 2

Lim X Lim -1+ X (
x>0 1 X—>-00 -1

Lim 1+ é Lim 14+ 2 z
x>0 — x->-00 l°°

1 -1 \~ V\/\
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C12 - 1.4 - Limits Square Root HA Notes

Find HA
. 5
Lim X
X—> 00 Vx% +5
Lim 5
x> 00 1+£2
X
5
Lim 5
X—> 1+
5
1+0

Hm o e
X—> 00 _
x
Lim 3
X—> 0 1+;
Lim 3
x> 00 1+g
v1+0
Vi

ul
=

=
Ul N
kj‘
o

2

=
N

+

()]

0

5x
x|
xZ2+5

2
5x

x|

xZ2+5
%2

()]

RN| ol

. 5x
Lim
x>-0 VX?+5
Lim -5
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X
-5
Lim 5
2 — -~
Va? = Ixl X-> -0 1+52
-5
X = 0 1+0
|x] - x
x2+5 @
x2
_2+£ Separate
x2 5x2 Fractions
1 +x—2
Lim
x> oo 3x2+4
1x2 -1
=i
Va \/5
=7 Lim
b
Vb £ 00
a+b_a+b .
c ¢ ¢ Lim
X—> 00
3+0
1-0

RN| ol

X = —00

x| - —x
3x2+4
1x2 -1
3x? 4
x2 | x?
x2 1
x2  x2

4
3+x—2

1
1=



Cl1l2 - 1.5 - Even Odd One to One Functions Notes

Even and 0dd Functions — Symmetry
Even:  f(~x) = f(x)

— odd: —x) = —
f) =+ =T =

A Horizontal
3 Flip Equal to a
Vertical Flip!

Symmetric with
respect to origin

Ahorizonts i over the - e e
axis is same as original P '

_ _ If you put -x in for x
f(=x) = f(x) \/ Ifyou put -x in fl=2) = —=f(x) and it’s the same as

forx and it’s distributing a negative

— )3 = (43
(—x)% = x2 the same as the ( x)3 - (335 ) into the original its

x2 = 32 original its even X=X odd

One — to — One Function One — to — One Inverseis a Inverse is One
Function to One
Only one x value for every y value.
Horizonal and Vertical line test. Run your pencil horizonally down the page:
Your pencil can only ever hit the graph once.
fx) = x? f(x) =x3

Not One —to — One Every input has a different output

f(a) # f(b)
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Cl2 - 2.1 - Ball Drop hva vs t Notes

A ball is dropped of a 100 m cliff. Graph height, velocity and acceleration of the ball.

O y = xz
10m ) rise dy
rise = Ay = dy m = slope = — = —
run dx
oy = AV Y
o) fe=m=="2=y"=f(x)
run = Ax = dx
10
Lim
m=v Ax - 0
t d
t(s) 0 100
2 1 10.##
2 0.1#
m
v ()
t v m = YZ - yl
Xy — X1
0 0 _ 196 - (-98)
1 -98 m = 2_1
2 —-19.6 m
m = —98—2
s

m = jerk

® ((s)
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C12 - 2.2 - Definition of Derivative Equation Graph Notes

Find the equation of the tangent line to x? at x = 1.

o}y
Secant Line
s ™
7__
Tangent Line
Slope 6T g
m=Y2N T (x, f(x))
Ty, — 29
oA ui (c+ R fGx + h)
_flx+h)—f(x) 31
m=
x+h—x |
_flx+h) = f(x) WICE SR CAC))
m= A X
— +—t
5-4-3-2-1/1234567
- xxh
Sy
i h
Definition of the Derivative Power Rule
' Lim  f(x+h)—f(x)
f'x) = h=>0 A y = x?
y' = 2x
— .2
Lim 2 _ (y2 fl) =x —
heo(WH% = ST R =+hy m = 2(1)
Lim  x? + 2xh + h? — x? Foil :
h->0 h
Lim 2xh + h2 N
h>0 - Slmpllfy y = xz ,
y=@Q)
Lim y=1 (1D

h->0

Lim
h->0

EZx + h)

2x-h\

Factor, Simplify

Substitute

@= 2x Slopeo@

1) =
1) =

21) x=1
2

y—y1=mx —xq)

<::zf1:2@‘1)

) >

y=2x—-2+1

y=2x-1
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C12 - 2.2 - Derivative Formula 1,2

Find the equation of the tangent line to x? at x = 1. Fx) = 22 2=1 (11) f)=1
— g1 — Lim f(x) _f(a)
m= f'(a) = Sa x—a mz)’z‘)’1 X y
Xy — X1 1
2
_ oy Lm X/
m=f1= x> 1 x—1
Lim x*—1 7'
x>1 x—1 Ty
Lim G+DE-1) i ~S
x—>1 (x—1)
Lim x+1 71
x=>1 ol Tangent Line
1+1
5__
m=f'(1) = @ )
4 9 Ax+h f(x+h))
3__
, Lm  fla+h)—f(a)
m=f@= 150 h T
NERVACHIO)
m=f@= ,ap [aA+mn-rQ) M —— )
2 h 5 4 3 2 /1234567
Lim 1+ h)Z _ (1)2 xXx+h
h=>0 - /| <>
LM 1 42r+h2-1 h
h->0 - |
hl_;mo 2N + h2 Secant Line
; h
Lim h(2 + h)
h->0 - y—y1=mx—x)
Lim 2+h y—1=2(x—1)
h->0
SO
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d
y' === f(x)

C12 - 2.3 - Poly/Rational Root Derivative Laws Notes

Constant/Sum =
_ — - y =3x + 2x
Function Rule y=3x y=3x y=1x y' =342

y=2
y 2x° y=3x1
y' =0
y = cf () y=e | =D

y=2

’ ’ =0 y =3x +2x
y' =cf'(x) Y 0 =1 y = 5x
y' =5
Power Rule = x2 1
] me = gweee el
=2 Y_gan 0)=3x207
3
1 y=‘/f y = x2
\/E—XZ Yy =x2
2
1
y’=—1 x f'(x)
2x2 §_1=E
2 2

Product Rule
y = F0)g(x) y= (3" + 1)§3x S 2) y = (2x +1)(3x — 2)
Y = @)+ g W) | Y, Z28x 232+ l) Y = 6x% —x—2
y' ' =6x —4+6x+3 Y =122 —1
y' =12x -1
y=uv
vy =uv+vu
Quotient Rule _ x?
u Y T+ 1 x2 + 3x3
_fx) y=- , 2x(2x +1) — 2(x?) y=—
Y= g(x) uv—v'u Y= (2x +1)2 x2 33
,_ [@g() =g’ ®f () y=—0p | Ax?+2x — 2x7 Y=ot
- g(x)? Y T T ex+1)? y =x +3x?
, 2x% +2x y =1+6x
VT v 1)? Separate Fractions
Chain Rule y = (3x +1)7 y=x
y=f(g() y'=7@x+1)""*x3 €— ChainRule y'=7x°x1 <€— ChainRule
Y = f'(g()) (g @) y'=21Bx+1)°
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Cl2 - 2.4 - Exponential Ln Derivatives
3} = y=2* = Inx = logs x
Y =

erin N
xlne M-

y = o2 y = 53 = In2x = IOgixZ
— e x D y—53xln5><3 1 =
y' y' =—x2 y'= x2 7~
y = xlnx . y= In(lnx) _ In(xz) y = (lnx)2 . y= lrllx
y’:l(lnx)+;>(x ’:—X— y__xzx yZZ(ZHX)X; y’:;xx,
Inx x'
y = In(F()
'@
=In(1+ x?) | x+1 x+1 L
_n(x—l) y—ln(x_

y' = > X 2x
1+x y=In(x+1)—In(x — 1) 1 1x—1) —1(x+ 1)
+

y = 1 1 y = x l) x (x — 1)?
x+1 x-— 1
1 2
- This quotient is hard

y=x . x+1
;le = lTllxx Ln both sides =7 Nobody would In this
ny = xlnx
1xy,_ 1 Dy =Ly ny = i In both sides
J_/ y—l(lnx)+;><x ciix y x—1
ZZlnx+l al"yzz
y Y (2x + 1)?
y’: y[lnx + l] y= (x + 2)3
(2x + 1)?
yr — xx(lnx + l) y = XX lny = lnw

Iny = In(2x + 1)? — In(x + 2)3
Iny = 2In(2x +1) — 3In(x + 2)
! 1

= (2x L X2 —3x% l)
Y=y 2x+1 B x+ 2

,[((@x+1)? (2>< 1 <o 3x 1
= (x+2)3 2x +1 B x+2
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C12 - 2.5 - Implicit Differentiation Notes y=+/9—x?
Implicit Functions: Hard or impossible to solve for y
d . d
ax> s y=fx)
332 x 4X  ChainRule 3y x dy  ChainRule
) dx dx i -1 dx , _dy d d d
3x*x1 EZ dxx_ 32><y’ y=a —y=— 3:—y—y’:3x2
( ::: )) 6 dx dx dx
Power/Chain Rule
2 —
ye=x 2 2 _
2yy’ = x+y,_9 2x =3y xy=0
yy 2x + 2yy’ = _ ’ ,
, 2=3y ly+y'x=0
2yy' = —2x V'x=—y
T
Product Rule
y=Xxy
y' =1(y) +y'(x) xy=0 2xy —Xxy
y'=y+xy' ly+y'x=0 2y +y'2x —1ly +y'(—x)
3,/' —xy' =y Combine Like Terms y'x=-y 2y +2y'x —y-y'x
yd-x)=y GCF=y' y'=-2
2xy —Xxy
2(1(3’) +y'(x)) —(ly+vy'x)
2y +2y'x —y-y'x

Power/Product/Chain Rule

xy? =2 y*=xy
1*) +2yy'(x) =0 2yy' = (1) +y'(x))
y2+2xyy' =0 2yy' =y +xy'
2xyy’ = —y? 2yy' —xy' =y

EPhe

Implicit Differentiation. (Don't foraet v')

Take Derivative

Combine primes on one side

Everything else on the other side

Factor out y prime

Divide both sides

Sometimes sub y and or y' back in
Possibly sub (x,y) before isolating
Slope/Eqg of Tan, don't need to isolate y'
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x2+xy+y2=9

2x+ (1) +y'(0)) + 2yy' =0
2x+y+xy' +2yy' =0

xy' +2yy'=-2x—y
y(x+2y)=-2x-y

,_—2x—y

x+ 2y




Cl12 - 2.6 - Trig Derivative Laws Notes

y = sinx y = secx
Yy = cscx
y = sin2x y =sin?x
I —
y' = cos2x x2 y = (sinx)?

y' = 2sinx % cosx
y' = 2sinxcosx

y = sin2x

y = 2sinxcosx
y' = 2(cosxcosx + (—sinxsinx))
y' = 2(cos? x — sin?x)

sinx
y = — i 2
cosx L y = sinx
y’ — COSXCOSX — —Slnxsinx yl — COSXZ X 2x
cos? x
, _sin?x +cos? x @
Y= cos? x
, 1
y =

cos?Z x
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y = tanx

Yy = cotx

y = xsinx

y = sinxy



Cl2 - 2.7 - Eq of Tan Notes

Find the equation ofthe tangent line at x = 2
Tangent Line

(2.4)

Equation of Tangent Line

DERIVATIVE - Take the derivative
of the equation

SLOPE - Substitute the X value of
the point into the derivative to
find the slope value

Y - VALUE - Substitute the X/Y
value back into the original
equation to figure out the Y/X
value

EQUATION - Write down the
equation in slope point form or
y=mx+b or general form

b=—4

Find the equation of the tangent line to y = x? line parallelto y = x — 4

y=mx-+Db

< <
1]
Bl P/ R
NIl N
N

<
I

Find the equation of the horizontal tangent line to y = x2
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y=mx-+Db
y=4x+Db
4=4(2)+b

y—y1=m(x — xq)

Eq of Tan

Derivative

f'(a) = slope

(y — value)
Tangent Equation

Perpendicular




Cl2 - 2.8 - Perp/Tan Eq to Ext Point Notes

T F)=251(0) =2Jx
y’ =2 x Ex_(i)
T y=2Vx 1
61 m;=—-——
_ m
4__ -
Nl m, =i Or f!nd the
minimum
T distance.
.
I T T S R S R I A
AT (6,0) Derivative = Slope
_Y2—=)1
Find the point on the graph closest to the point (6,0) and m= Xy — X1
Equation through both points. _JEi= 24x—0 y, = 2vx
x—6
Vx x#0 (6,0)
—x+6=2

Find the point(s) on the graph and equation(s) Tangent to the exterior point

Or Polynomial Factoring

(x1,51)
0,-1)

y=x Rt 0
y' =2x Xy — X
y'=m
2x_y—(—l)
x—0
x =
2x2=x?>+1
x? =
x ==1
y=x2 y=x2 y:xz
= (1)2 2
Y N y=(-1)
y= y=1
y=x y=x
y'=2x y' =2x
m = 2(x) m = 2(x)
m=2(1) m=2(-1)
m=2 m=-2
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Cl12 - 2.9 - Inverse Trig Notes

1 1
1(_Z)=»9 . —_=
sin ( 2) sin@ >
6= sin‘l(l)
S A
= sinx =sin"1x _E< <E
Y Y 2=Y=3
Function Range
/ V3
T 9 T 0,2m
6
jig
5 1 2 . c A
Reject 1
hid
o 6
T 0=-— c o7
6 V3
1 1
cos H(——=) =? cosh = ——
vz 7z
S A
3
y=cosx y=cos lx O<y<m
s
4 -
& 0.2rm Function Range
\ Reject A
‘ V2 ¢ A
1
T
T C _| 4 “
1
tan~1(v3) =? tand = V3
S A
2
V3 1 s s
T y = tanx y=tan""x ——<y<-
— 2 2
T 3 0,2m
1 Function Range
Reject 5 pix Py A
T c %
v
V3

Calc Txt Page 26




Cl1l2 - 2.10 - Inverse Derivatives Notes

Find the Derivative of the Inverseaty =9

One over the putting the
inverse into the derivative.

Inverse Derivative
Formula Proof

fx)=x3+1 -1)/(9) = ?
(f ) ( ) f_l(f(x)) =y
- FU@)*xF '@ =1 .
=1y - -1y’ -
FYD=rmyy e F' = Fmiy
Find the x valuewheny =9
—1\/ 9 —
AR f'gf_1(9)) < fH9=2 f7y) =x Inverse Notation
:fl(z) , X
f(x) =3x f)=x>+1  perivative
f'(2) = 3(2)? f'(x) = 3x2

@ ™

Take Derivative and Substitute 2 in for x

f(@=12

f(x)=x:+1 i) =Vxr—1
AP, Y0 = —
x=y>+1 X)= S/
y=Vx—-1 3V(x1_1)2
-1 — 37 -1)/(9) =
( ) Definition of Inverse
flg(x)) =x -1 — g =2
Means f(f (x)) =x sinf A ]
9@ =1 | ) =x 6 =sin"t ()
d 1 _ 1
I )
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o<
TR

R W

(2.9)

2 R

N

f(@)=9




Cl12 - 3.1 - Absolute/Local Max/Min Notes

Absolute Maximum

\%ute Minimum
m

\3‘ i . Absolute Maximum

Local Maximum /\ Local M i
v Local Minimum

Or Neither!

Local Minimum

S
| y
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C12 - 3.1 - 1st Derivative Test: Critical Points Notes

Find the critical points. Find the 1st derivative and set it equal to zero. Draw a graph and show the location
of the horizontal slopes. Identify any maximums or Minimums and Intervals of Increase or Decrease.

y=x3—-12x
/ y'=3x*—12  Find the 1st Derivative
y TeSt 0=3x*—-12 Setthe Derivative equal to Zero
3x2 =12
x’=4

Solve: Critical Values

Critical Point  y' =0 (—2,16)

y int = (0,0) y=x3—-12x
y = (0)° —12(0)
y=0

y'=0
(2,—16) Critical Point

Prove the 1st derivative is positive to the left of -2. Negative between -2 and 2. And positive to the right of 2.

-5 -2 0 2 5
< ¢ " > 1st Derivative test
y, + 0 — 0

yﬂ%\s/’

y'= 3x? —12 y'=3x? —12 y'= 3x2 —12
f( 5) = 3(-5)2 - <0)‘3<0)2 f(5)—3(5)2
y=x3—12x y=x3—12x

f(2)—(2)3 12(2) f( 2) =(-2)3-12(-2)

@(—w, -2)U(2, ) Decreasing: (—2,2)
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C12 - 3.2 - 2st Derivative Test: Inflection Point Notes
Find the critical points. Find the 2nd derivative and set equal to zero. Draw a graph and show the location of the

Inflection Points and the Intervals of Concavity.

iy y=x3—12x
y' =3x2-12
y TeSt y'"' = 6x Find the 2nd Derivative
0=6x

Set the Derivative equal to Zero

Solve: Critical Values

Inflection Point

Prove 2nd derivative is negative to the left of 0 and positive to the right of 0.

-1 0 1
< : > 2nd Derivative test
yll _ 0 +
M _ U
y .
Max ( Min IP: Inflection Point
Concave Concave
Down Up
. y”f 6x y”= 6x
f"(=1) =6(-1) £"(-1) = 6(-1)
y=x3—-12x

y =(0)* - 12(0)

Concave Down: (—x,0) Concave Up: (0, x)
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C12 - 3.3 - Max Area Rectangle under Curve Notes

(o2}
=

=

y =9 —x?
0=9—x2
x2=9
x ==3
y =9 —x?
4= 20)0) < ) >
A=18x — 2x3 , . 0
A'=18 — 627 A -
0 =18 — 6x?
2=18 A / \
2=3
x = +V3 A (vV3,12V3)
(Max)
A" =18 — 6x? A =18 — 6x2
A'=18-6 A =18-24
— '

A=-2x(x+3)(x—3)
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Cl12 - 3.3 - Min Distance to Curve Notes

Find the point on the graph 2+/x with the minimum distance to the point (5,0)

(x2T= ~1 5

)G XV +(pwud” | C=Jonpm
A-[(x-5y+ (25 -0)"
d=s+ux xXTiex
d={~x>~6x 25

d= (= 6x -tl‘:)')(h' Y "HX.)

\- 'l_-_-x-Q _
d’fh"&x«zs \,1 &
O"*‘la-e _ )-F(x)

RIrcxvs—

=3
v 3y
v -+ ““”‘/
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C12 - 3.3 - Min Rect/Cube Area Cost Notes
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(0*, ) (v300,8313) (0, )
Abs Min

h
| g V=8 $45 $6 Cost
w L=2w Costpase = —7 Costsiges = — Cost = Area x ——
2w
v = Lwh
V = Lwh SA* = 2w? + 6wh
8 = 2w?h
4 =w3h
4 4
h=— — 2 _ 0 2 o0
e SA = 2w? + 6w (W2> 5 I " o
SA =2w? +24w~1 < =
! O>x>
C=2w?2x45+24w 1 x6 C I _ I + | X > 00
C = 9w? + 144w1
C' = 18w — 144w 2 ¢ 0
0=18w(1 —8w™3)
(0*,0) (2108) (oo, 00)
w=0 1-8w3= 08 Abs Min
1= m
3
h=2 wi=8 C = 9w? + 144w
@ w= "8 C =9(2)2 +144(2)!
- A=1lw P =72y +4x Perimeter
A" = 600 Y A=xy C = 2y x 60 + 4x x 60 Cost
600 = xy
x 600 600
}’:7 C=2(7>><60+4x><60
_ $60 72000
A=1lw C=—- = + 240x
m X
600 C = 72000x~1 + 240x
Y= C' = —72000x~2 + 240 Derivative
600 , 72000
Check Answer y=— C'=-— s+ 240
v300 72000 o
A=xy 600 = ————+240 Derivative=0
- Yy =" X
A = 20v/3 x 300 10V3 72000 _
A =20V3 x 10V3 y=— P
V3
0 v/300 00 Domain
<I I I) O0>x>o
Cost = L oh Cost C' - +
ost = Length < - ; \ 0 /



*C12 - 4.1 - Related Rates Circle/Sphere A/V Notes

Find the rate of change.

The radius of a circle is growing at a rate of 4 m/s. What is the rate at which the area within the circle is
changing when the radius is 20m?

dr 4 dA ) 2 )

- = 7 |r=20 =" =nr

dt dt dA , dr
L
— =2nr-(4)

g
QU
~

dA dA dr  dA dr dr _
— — = 27Tr X — dT'_l

q o dr de ar dr

The volume of a balloon is increasing at 256 meters cubed per second. How fast is the radius increasing

when the radius is two meters?
V= grrrg'

dv m dr dv 4 dr

. =9256— —|y=2 =7 — ~o3-1
A dt s3 de "? dt 3x 3™ 4t
 — av dr

.

256 = 471(2)2%
dr _ 16 m
dt 7w s

Therefore the radius is changing at %% when the radius is 2 m.

2
Therefore the area is changing at a rate of 160w mT when the radius is 20m.
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Cl12 - 4.2 - Train Pythag/Spotlight Sim Tri Rel Rat Notes

Train 'a’ leaves Vancouver heading South at 10 m/s and train 'b' leaves heading East at 5 m/s? How far are they a
part after two minutes? What is the speed at which the trains are moving apart at that time?

da_ o db _ dc ,
600 P ar —le=2 =7

1200 ) a? + b2 =c? a?+b? = c?
12007 + 6007 = ¢? 2 %% 4 5% _, dc
dt  “de Tt
- 2(1200)(10) + 2(600)(5) = 2(1341. 6) —
de

30000 = 2683.2 —
dt

2 minutes = 120 seconds

a=uvt = vt d=vuvt

a =10 x120 bh=5x120

A 2 m tall person is walking away from a spotlight, 15 m from a wall, towards the wall at 0.7 m/s. How
fast is the shadow on the wall changing when they are 7 m from the spotlight?

2 \'
Spotlight
dx *
i +0.7
|“‘ 15 4"'
Y Z xy = 30
dx dy y = =

—+
@’
0.7(429) + 2 (7) =0

dy  0.7(4.29)
dt 7
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Cl12 - 4.2 - Ladder Trig Related Rates Notes

The top of a 16 ft ladder slides down a wall at a rate of 3 ft/s. At what rate is the base of the ladder
sliding away from the wall when the latter is at a height of 8 ft on the wall.

16 dy  _ft *Length is shrinking:

dt~ s Derivative is Negative.

\
dx
arlv=s =7 yr=ct |
dx dy dc We can substitute
2x—m+2y—-=2c—  constants into the formula
x? +y? =c? % ~
x2 + 82 = 162 2(8 S)E +2(8)(-3)=0
x =162 — 82 dx _ 3
x =192 dt /3

What is the rate the angle at the bottom of the ladder changing?

cosd == *| used cos because it
16 T
X used the rate | already
8 cost = 7= solved on the top. Using
Z g _Lax sin and tan is possible
A dt  16dt but much more difficult
\ _Eﬁ:i V3 based on the
16dt 16 information and
8v3 previously solved. We
d6 _ V3rad want our constant on
dt 8 s the bottom.
sinf = 16
0= sin‘l(})
B 2

6 *Real life is in Radians.
Degrees are for children.
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Cl12 - 4.2 - Similar Triangles/Cos Law Related Rates Notes

A 5 foot tall woman is walking away from a 20 foot lamp post at 3 m/s. What rate is her shadow increasing when she
is 30 feet from the lamp post; and is her shadow getting bigger or smaller. How fast is the tip of her shadow moving?

[ dx m dy
—=3— — =7
dt s dt lx=30
@ 5y
20 x+vy
5x + 5y = 20y
y x =30 5x = 15y
x =3y
vy\, dx dy %:d_Y_F%
7 dt — ~dt dt - de dt
3=3% po1+3
dt dt
dy _ ft dz_ ,m
dt S dt s

A float plane rising at 30 degrees above the horizontal flies over a boat at an altitude of 100 m at 60 m/s. How
fast is the distance between the boat and the plane increasing after five seconds?

db
—- =60 %h—s:? 17—g
dt dt "~ Tt
d=vt
d=60x%x5
d =300m
a =100 c? = a? + b? — 2abcosC *\Word Problems 7
. . 1200 = —
in Radians 6

7
c= \/1002 + 3002 — 2(100)(300) cos?

c=13898m *That would have been a tough
product rule if more things were

changing

c? = a? + b?% — 2abcosC
db

2 dc—0+2bdb 2 C
“ar - ar CY%q

2(389.8) % = 0+ 2(300)(60) — 2(100) (— ?) (60)
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C12 - 4.3 - Cone V/Similar Triangles Related Rates Notes

Find the rate of change.

A cone with a radius of 3 cm and height of 6 cm is filling with water where the height of the water level
is increasing at a rate of 0.2 cm/s. What is the rate the volume is increasing when the height of the
water levelis 5 cm.

dh _ .
dt
av. o
3
N
1
V ==nrh
r 3
2
/ p=1t (h>h
=—1l|—=
uon 37\2
6 i V=—27'[h3
g 6_n v _ L dh
- 3 r dt 2™ dr
2=1 O = 2n(5202)
r dt 4" '

*We can't take this product so we must
use similar triangles/other info a3

Calc Txt Page 38



Cl12 - 4.4 - Sphere Tight Rope Notes

as
E|x=25 =7?

C
$80 (2
or x?+9 3
m
$ﬂ) 5—x * B
m

= =TT
av — 4y dr
FTEAT:
av 10
dt 41

X S
70 100
*= 70
dx _74dS
dt ~ 10dt

C =50(5 —x) +80yx%2+9

C' =
0=
Number Line
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SA = 4nr?
100 = 4m(2)?
_[100
"= |an
_ 10
r= ﬁ m

Cost = length %

cost

length



C12 -5.1 - Int Reimann's L/R/M RAM & Trap Notes  n = #rectangles

Find the area under the graph y = x? from zero to two using four (n=4) rectangles. Using Riemann's LRAM,
MRAM & RRAM, and Trapezoidal Rule .

t 2 ( 2

LEFT RAM MIDRAM RIGHT RAM
Height is LEFT Height is MID Height is Right
y —value of section . .
y —value of section y —value of section
_ (Yot )1 h LRAM + RRAM
Arpap = 2 TRAP = 2

+ + + i+
Arpap = (3’0 ) }’1>h + (3’1 ) }’2)h+ ()’2 ) y3>h... + <}’n 12 }’n)h

h
Arrap = E(}’o + 2y, + 2y, + - 2yp_1 + Vp) ‘

}-—’—‘—‘-—, Factor Out g

o 2 2 1¥0,2Y15 23S, ... 2Yn-15 Lyn
éu

h = horizontal width

x Yy
Simpsons
h( + 4y, + 2y, + -2 +4 + y,)
Asimp = 3 Yo V1 Y2 T £LYn—2 Yn-17 Yn b—a 29-0 1
h = = =
Rotates 1-4-2-4-2-4-1 n 4 2

Calc Txt Page 40



C12 - 5.2 - Int Indefinite Notes -

Integral: The Anti-Derivative. Who's Derivative is this? Take the Derivative to Check your Answer.

Constant Rule Examples

f kdx =lkx +c (k: a constant) f 5dx = dx

Power Rule
n+1
N, — _ 2+1
fx d=arite (n# ~1) fxzdx ad
X2
y:?+C
fxdx Dy fodeSfxdx
y’=—2—
1 3x2t1
fﬁdefodx f3x2dx= - +C
3
_2 1,,.1,2._3
3 2 772272
2

f(x2+5) dx f(x +2)%dx = J‘(x2 + 4x + 4)dx
x3  4x?
B 2

x +2x

f(x+2)dx
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Cl12 - 5.3 - Int Area Notes

Find the Area under the curve using Integration. Confirm the Area by geometry if possible.

y=x 0<x<4
b
A =J. f(x)dx
a
4 x2 |4 FUNDAMENTAL THEOREM OF CALCULUS
b ] A= J. xdx = —
0 2 0 b
’ A= J. x)dx = F(b) — F(a
‘ =(4)2_(0)2 af() () ()
’ 2 2
F(x)is the antiderivative of f(x)
1
>
o vV
"" Velocity vs Time
Check by Geometry
A= bh
2
_4x4 v
-2
Check with math 9 ch

t

Find the area under the curve using Integration. Confirm the area by geometry if possible.

3 3
242 (0)2
3 2
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C12 - 5.3 - Int Area Between Notes

Find the area between the curves using Integration.

Find Intersections

2

xX=x
x2—x=0
x(x—1)=0

ol 1o
NI -
ol 1o
(o2 @)
m:r\)
ol

If either function is below the x-axis, subtracting a negative
area adds the area. Don’t forget to distribute any negatives.
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Cl2 -5.4 - Int Volume Notes

Find the Volume of revolution by Integration. Confirm the Volume by geometry if possible.

y=Xx

0<x<4

b b
|4 =f A(x)dx =f nridx
a a

Check by Geometry

V. = 1m‘Zh
cone 3

V. = E 4?4
cone 3

X-LAND

Volume

V= fbA(x)dx

A(x) = nr?

re=y=x

radius is the y height

-

Calc Txt Page 44



Cl1-5.4 - Int Volume Discs Notes

Find the Volume of revolution between the two functions around the x-axis by Integration.

1
y =+x y=3x 0<x<4
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